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607. 
A MEMOIR ON PREPOTENTIALS. 


[From the Philosophical Transactions of the Royal Society of London, vol. cLXv. Part 11. 
(1875), pp. 675—774. Received April 8,—Read June 10, 1875.] 


THE present Memoir relates to multiple integrals expressed in terms of the (s+ 1) 
ultimately disappearing variables (æ, .., z, w), and the same number of parameters 
(a, .., €, e); they are of the form 


| AW). HOSE” Baer tag 
{(a- a +..+(¢—2P + (e= wy eta’ 


where p and dw depend only on the variables (#,.., 2, w). Such an integral, in regard 
to the index 4s+4q, is said to be “prepotential,’ and in the particular case g=—4 
to be “ potential.” 


I use throughout the language of hyper-tridimensional geometry: (æ, .., z, w) and 
(a, .., c€, e) are regarded as coordinates of points in (s+1)-dimensional space, the former 
of them determining the position of an element pda of attracting matter, the latter 


being the attracted point; viz. we have a mass of matter = | p dæ distributed in such 


manner that, dw being the element of (s+ 1)- or lower-dimensional volume at the point 
(æ, .., 2, w), the corresponding density is p, a given function of (æ, .., z, w), and that the 
element of mass pda exerts on the attracted point (a, .., c, e) a force inversely proportional 
to the (s +2q + 1)th power of the distance {(a— s} +..+ (e —2} +(e—w)}}. The integra- 


tion is extended so as to include the whole attracting mass | pdw; and the integral 


is then said to represent the Prepotential of the mass in regard to the point (a, .., c, e). 
In the particular case s=2, g=—4, the force is as the inverse square of the distance, 
and the integral represents the Potential in the ordinary sense of the word. 


The element of volume dæ is usually either the element of solid (spatial or (s + 1)- 
dimensional) volume da..dzdw, or else the element of superficial (s-dimensional) 
volume dS. In particular, when the surface (s-dimensional locus) is the (s-dimensional) 
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plane w=0, the superficial element dS is =dx...dz. The cases of a less-than-s-dimen- 
sional volume are in the present memoir considered only incidentally. It is scarcely 
necessary to remark that the notion of density is dependent on the dimensionality of 
the element of volume dw: in passing from a spatial distribution, pda...dzdw, to a 
superficial distribution, pdS, we alter the signification of p. In fact, if, in order to 
connect the two, we imagine the spatial distribution as made over an indefinitely thin 
layer or stratum bounded by the surface, so that at any element dS of the surface 
the normal thickness is dv, where dy is a function of the coordinates (a, .., z, w) of the 
element dS, the spatial element is =dyvdS, and the element of mass pdw...dzdw is 
=pdvdS; and then changing the signification of p, so as to denote by it the product 
pdv, the expression for the element of mass becomes pdS, which is the formula in 
the case of the superficial distribution. 


The space or surface over which the distribution extends may be spoken of as the 
material space or surface; so that the density p is not =0 for any finite portion of the 
material space or surface; and if the distribution be such that the density becomes = 0 
for any point or locus of the material space or surface, then such point or locus, 
considered as an infinitesimal portion of space or surface, may be excluded from and 
regarded as not belonging to the material space or surface. It is allowable, and 
frequently convenient, to regard p as a discontinuous function, having its proper value 
within the material space or surface, and having its value =( beyond these limits; 
and this being so, the integrations may be regarded as extending as far as we please 
beyond the material space or surface (but so always as to include the whole of the 
material space or surface)—for instance, in the case of a spatial distribution, over the 
whole (s+1)-dimensional space; and in the case of a superficial distribution, over 
the whole of the s-dimensional surface of which the material surface is a part. 


In all cases of surface-integrals it is, unless the contrary is expressly stated, 
assumed that the attracted point does not lie on the material surface; to make it 
do so is, in fact, a particular supposition. As to solid integrals, the cases where the 
attracted point is not, and is, in the material space may be regarded as cases of 
coordinate generality; or we may regard the latter one as the general case, 
deducing the former one from it by supposing the density at the attracted point to 
become = 0. 


The present memoir has chiefly reference to three principal cases, which I call 
A, C, D, and a special case, B, included both under A and ©: viz. these are:— 


A. The prepotential-plane case; q general, but the surface is here the plane 
-w=0, so that the integral is 


fonen i 
{(a oy æ’ +. + (c—zy a eita 


B. The potential-plane case; q=—4, and the surface the plane w=0, so that 


the integral is 
lia =g’ +. t (c — z} + ep- 
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C. The potential-surface case; g=—4, the surface arbitrary, so that the integral is 


° pds 


D. The potential-solid case; g=—4, and the integral is 


(a-a +... + (c—2) + (e— wy} 


It is, in fact, only the prepotential-plane case which is connected with the partial 
differential equation 


d? a@ @ %W;+ld 
(tetat toa ga) nO 

considered in Green’s memoir* “On the Attractions of Ellipsoids” (1835), and called 

here “the prepotential equation.” For this equation is satisfied by the function 


1 
{a? +... +07 + e}48+9’ 


and therefore also by 
1 


(arf +... + (0—2 +e} ta’ 
and consequently by the integral 


p dæ... dz 
e ee ae EE ae Da eRs aie dies ecient eis (A), 


that is, by the prepotential-plane integral; but the equation is not satisfied by the value 


1 
(a= +... +(c—z) + (e— wt’ 


nor, therefore, by the prepotential-solid, or general superficial, integral. 


But if q=— 4, then, instead of the prepotential equation, we have “the potential 


equation ” 
d? ad? d? j 
(Tate tga tga) V20 
and this is satisfied by 
1 
(@F 404 a 
and therefore also by 
1 


Hence it is satisfied by 


pdg... dz dw 
Ea A E ETT c's O T E (D), 


* [Green’s Mathematical Papers, pp. 185—222.] 
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the potential-solid integral, provided that the point (a,..,¢, e) does not lie within the 
material space: I would rather say that the integral does not satisfy the equation, 
but of this more hereafter; and it is satisfied by 


Í pds 
(a x+... + (0—2? + (e — wf wee eee eee ee eee eee ee ee ey 


the potential-surface integral. The potential-plane integral (B), as a particular case of 
(C), of course also satisfies the equation. 


Each of the four cases give rise to what may be called a distribution-theorem ; 
viz. given V a function of (a,..,¢,e) satisfying certain prescribed conditions, but 
otherwise arbitrary, then the form of the theorem is that there exists and that we 
can find an expression for p, the density or distribution of matter over the space or 
surface to which the theorem relates, such that the corresponding integral V has its 
given value: viz. in A and B there exists such a distribution over the plane w=0, 
in C such a distribution over a given surface, and in D such a distribution in 
space. The establishment, and exhibition in connexion with each other, of these four 
distribution-theorems is the principal object of the present memoir; but the memoir 
contains other investigations which have presented themselves to me in treating the 
question. It is to be noticed that the theorem A belongs to Green, being in fact 
the fundamental theorem of his memoir of 1835, already referred to. Theorem C, in 
the particular case of tridimensional space, belongs also to him, being given in his 
“Essay on the Application of Mathematical Analysis to the theories of Electricity and 
Magnetism” (Nottingham, 1828*), being partially rediscovered by Gauss** in the year 
1840; and theorem D, in the same case of tridimensional space, to Lejeune-Dirichlet : 
see his memoir “Sur un moyen général de vérifier l’expression du potentiel relatif a 
une masse quelconque homogène ou hétérogène,” Crelle, t. XXXI. pp. 80—84 (1840). I 
refer more particularly to these and other researches by Gauss, Jacobi, and others in 
an Annex to the present memoir. 


On the Prepotential Surface-integral. Art. Nos. 1 to 18. 


1. In what immediately follows we require 


v=| da... dz 
-J (+ Fat + ey’ 


limiting condition #+...+2= RR’, the prepotential of a uniform (s-coordinal) circular 
disk+, radius R, in regard to a point (0,..,0, e) on the axis; and in particular the 


* [Also Crelle, t. xxx1x., pp. 73—89, t. xuv., pp. 356—374, t. XLVII, pp. 161—221; Green’s Mathematical 
. Papers, pp. 1—115.] 

** [“ Allgemeine Lehrsiitze in Beziehung auf die im verkehrten Verhältnisse des Quadrats der Entfernung 
wirkenden Anziehungs- und Abstossungskriifte,”’ Ges. Werke, t. v., pp. 195—242.] 

+ It is to be throughout borne in mind that æ,..,z denotes a set of s coordinates, z, .., z2, w aset of 
s+1 coordinates; the adjective coordinal refers to the number of coordinates which enter into the equation ; 
thus, «?+...+22+w?=f? is an (s+1)-coordinal sphere (cbserve that the surface of such a sphere is s-dimensional) ; 
z?+...+2%=f7, according as we tacitly associate with it the condition w=0, or w arbitrary, is an s-coordinal 
circle, or cylinder, the surface of such circle or cylinder being s-dimensional, but the circumference of the 
circle (s—1)-dimensional; or if we attend only to the s-dimensional space constituted by the plane w=0, the 
locus may be considered as an s-coordinal sphere, its surface being (s—1)-dimensional. 


a ix. 41 
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value is required in the case where the distance e (taken to be always positive) is 
indefinitely small in regard to the radius R. 
Writing «=ré,.., z=7r€, where the s new variables £, .., are such that &+...4+ €?=1, 

the integral becomes 

r= dr dS = [as Beep 

CET ALN CET ALN 
where dS is the element of surface of the s-dimensional unit-sphere &+...+ €=1; the 
integral Í dS denotes the entire surface of this sphere, which (see Annex I.) is = Re 


The other factor, 

[ Bi gel 

o (2 + P)? 
is the r-integral of Annex II. 


2. We now consider the prepotential-surface integral 


y= f pds 
~ | (a= f+... + (0—2? + (e—w) iste" 
As already mentioned, it is only a particular case of this, the prepotential-plane integral, 
which is specially discussed; but at present I consider the general case, for the purpose 
of establishing a theorem in relation thereto. The surface (s-dimensional surface) S is 
any given surface whatever. 


Let the attracted point P be situate indefinitely near to the surface, on the 
normal thereto at a point W, say the normal distance VP is = #*; and let this point 
N be taken at the centre of an indefinitely small circular (s-dimensional) disk or 
segment (of the surface), the radius of which R, although indefinitely small, is in- 
definitely large in comparison with the normal distance e. I proceed to determine 
the prepotential of the disk; for this purpose, transforming to new axes, the origin 
being at NV and the axes of w,..,z in the tangent-plane at W, then the coordinates 
of the attracted point P will be (0,..,0, a) and the expression for the prepotential 


of the disk will be 
pda... az 


t+ att pete’ 


where the limits are given by æ+... + 2< R. 
Suppose for a moment that the density at the point WV is =p’, then the density 
throughout the disk may be taken =p’, and the integral becomes 
da... dz 
V= Phar ee Pe +2 + pst? 
where instead of p’ I write p; viz. p now denotes the density at the point NW. 
Making this change, then (by what precedes) the value is 


_ 2T}? [2 dr 
~P Ts) if fr? atta’ 


* a is positive; in afterwards writing » =0, we mean by 0 the limit of an indefinitely small positive 
quantity. 
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q = Positive. Art. Nos. 3 to 7. 


3. I consider first the case where g is positive. The value is here 


TIP 1 í T4sT4 ha at dn \, 
=P TGs) 207 TGs) Jo OFAT’ 


or, since $% is indefinitely small, the æ-integral may be neglected, and the value is 


R 
EN UNIN a Ki 
PT s+ q)’ 


Observe that this value is independent of R, and that the expression is thus the 
same as if (instead of the disk) we had taken the whole of the infinite tangent-plane, 
the density at every point thereof being =p. It is proper to remark that the neglected 


terms are of the orders 
1 ( 8 2q 8 2q+2 ; 
l(a)» (R) > ets 
(3) Tg 


so that the complete value multiplied by +s” is equal to the constant p TGst haces 


of the orders PE Ca &e. 


4, Let us now consider the prepotential of the remaining portion of the surface ; 
every part thereof is at a distance from P exceeding, in fact far exceeding, R; so 


that imagining the whole mass | pdS to be collected at ‘the distance R, the pre- 
potential of the remaining portion of the surface is less than 

[pas 

Ret ? 
viz. we have thus, in the case where the mass | pdS is finite, a superior limit to the 


prepotential of the remaining portion of the surface. This will be indefinitely small 
in comparison with the prepotential of the disk, provided only + is indefinitely small 


= 
compared with A**%, that is, s indefinitely small in comparison with R 4, The proof 
assumes that the mass | pds is finite; but considering the very rough manner in which 
pds 
Rs+24 


least for very general laws of distribution, even when | pds is infinite, the same thing 


the limit was obtained, it can scarcely be doubted that, if not universally, at 


is true; viz. that by taking s sufficiently small in regard to R, we can make the 
41—2 
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prepotential of the remaining portion of the surface vanish in comparison with that 
of the disk. But without entering into the question I assume that the prepotential 
of the remaining portion does thus vanish; the prepotential of the whole surface in 
regard to the indefinitely near point P is thus equal to the prepotential of the disk ; 
viz. its value is 

iY Ging 

TGs +9)’ 


which, observe, is infinite for a point P on the surface. 


5. Considering the prepotential V at an arbitrary point (a,..,c, e) as a given 
function of (a,..,c¢, e) the coordinates of this point, and taking (a,..,z, w) for the 
coordinates of the point W, which is, in fact, an arbitrary point on the surface, then the 
value of V at the point P indefinitely near to W will be = W, if W denote the same 
function of (#,.., z, w) that V is of (a, .., c, e) The result just obtained is therefore 


2A One aes 
EE TTA 


or, what is the same thing, 


r (38s +q) 
eA O R 

As to this, remark that V is not an arbitrary function of (a,..,c, e): non constat 
that there is any distribution of matter, and still less that there is any distribution 
of matter on the surface, which will produce at the point (a, .., c, e), that is, at every 
point whatever, a prepotential the value of which shall be a function assumed at 
pleasure of the coordinates (a,..,c, e) But suppose that V, the given function of 
(a,..,¢, e), is such that there does exist a corresponding distribution of matter on the 
surface, (viz. that V satisfies the conditions, whatever they are, required in order that 
this may be the case), then the foregoing formula determines the distribution, viz. it 
gives the expression of p, that is, the density at any point of the surface. 


6. The theorem may be presented in a somewhat different form; regarding the 
prepotential as a function of the normal distance s, its derived function in regard 


to s is 
_ 2q_ TAYT 
ere Tistg)’ 


that is, 


ow si Bayi 
Si See tea Aree 


and we thus have 
dW 1 2(T4FT(q+1) 


de ~~ me Tere) Te 


or, what is the same thing, 


2 (TT (q +1) 
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where, however, W being given as a function of (#,.., 2, w), the notation z> 
explanation. Taking cosa@,.., cosy to be the inclinations of the normal at W, in the 
direction WP in which the distance s is measured, to the positive parts of the axes 


of (a,.., 2), viz. these cosines denote the values of 


requires 


as ds 
dz Mae Ag dz > 
each taken with the same sign + or —, and divided by the square root of the sum 
of the squares of the last-mentioned quantities, then the meaning is 


7. The surface S may be the plane w=0, viz. we have then the prepotential- 


plane integral 
. dz 


ae =f Ga AE y E PLPA AE TEA (A), 


where e (like s) is positive. In afterwards writing e=0, we mean by 0 the limit of 
an indefinitely small positive quantity. 


The foregoing distribution-formule then become 


_1G8+9(, 
My = T4 C e eiae a ah aao (A), 
n 
I ($s +g) dW * 
P=— TT Q+) (er a). PTET DA (A*), 


which will be used in the sequel. 


It will be remembered that in the preceding investigation it has been assumed 
that q is positive, the limiting case g=0 being excludedt. 


q=-—%4. Art. Nos. 8 to 13. 


8. I pass to the case q =-— +4, viz. we here have the potential-surface integral 
{pn eee ay 
tre reco ae gee Re lbie <'a ole daibe'bia Giles cine (C): 


it will be seen that the results present themselves under a remarkably different form. 
The potential of the disk is, as before, 


2 (T4 f rdr 
P Tis J (FAE 


t This is, as regards q, the case throughout; a limiting value, if not expressly stated to be included, is 
always excluded. 
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where p here denotes the density at the point V; and the value of the r-integral 

EA Ste. ae ThsTh 

= R (1 + terms in E’ maho ergo 

Observe that this is indefinitely small, and remains so for a point P on the surface ; 

the potential of the remaining portion of the surface (for a point P near to or on 
the surface) is finite, that is, neither indefinitely large nor indefinitely small, and it 
varies continuously as the attracted point passes through the disk (or aperture in the 
material surface now wunder consideration); hence the potential of the whole surface 
is finite for an attracted point P on the surface, and it varies continuously as P 
passes through the surface. 


It will be noticed that. there is in this case a term in V independent of a; 
and it is on this account necessary, instead of the potential, to consider its derived 
function in regard to #; viz. neglecting the indefinitely small terms which contain 


powers of A I write 


d 2(T H 
d T'(§s—3)” 
The corresponding term arising from the potential of the other portion of the 
surface, viz. the derived function of the potential in regard to », is not indefinitely 
small; and calling it Q, the formula for the whole surface becomes 


AT Qa aa 


Pep 
9. I consider positions of the point P on the two opposite sides of the point N, 
say at the normal distances +’, s”, these being positive distances measured in opposite 
directions from the point N. The function V, which represents the potential of the 
surface in regard to the point P, is or may be a different function of the coordinates 
(a,..,c, e) of the point P, according as the point is situate on the one side or the - 
other of the surface (as to this more presently). I represent it in the one case by 
V’, and in the other case by V”; and in further explanation state that s’ is measured 
into the space to which V’ refers, s” ito that to which V” refers; and I say that 
the formule belonging to the two positions of the point P are 
dW’ 2 (4) 
ad YT ET 
dW” o _ 2U à 
AAN “i-p” 
where, instead of V’, V”, I have written W’, W”, to denote that the coordinates, as 
well of P’ as of P”, are taken to be the values (x, ..,z, w) which belong to the 
point V. The symbols denote 


aW we cosa’ +... + AW cosy, 


dw de 
dW” dw” 5 dW” ” 
“da agrees ok de Fat 
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where (cos@’,.., cosy) and (cos@”,.., cosy”) are the cosine-inclinations of the normal 
distances xs’, s” to the positive parts of the axes of (#,.., 2); since these distances are 
measured in opposite directions, we have cosa” =—cosa@’,..,cosy’=—cosy. If we 
imagine a curve through N cutting the surface at right angles, or, what is the same 
thing, an element of the curve coinciding in direction with the normal element P'NP”, 
and if s denote the distance of N from a fixed point of the curve, and for the point 
P’ if s become s+06’s, while for the point P” it becomes s— ò”s, or, what is the same 
thing, if s increase in the direction of NP’ and decrease in that of NP”, then if any 
function © of the coordinates (#,..,z, w) of N be regarded as a function of s, we 
have 

d@ d® d® de 

‘ds ds’? ds ds’ 


10. In particular, let ® denote the potential of the remaining portion of the 
surface, that is, of the whole surface exclusive of the disk; the curve last spoken of 
is a curve which does not pass through the material surface, viz. the portion to which 
© has reference: and there is no discontinuity in the value of ® as we pass along 


. this curve through the point N. We have Q’ = value of os at the point P’, and 


Q” = value of a at the point P”; and the two points P’, P” coming to coincide 


together at the point N, we have then 


BOE? gS 
Ode? ~ de’ 
aa 40 d® 
pica lar re 
ł ’ dW’ A A 4 
We have in like manner Aa ts s- and the equation obtained 


above may be written 
OF tS EE, 
ds ds V(4s—4)” 


dw” do 2TH 
“ds T 


in which form they show. that as the attracted point passes through the surface from 
the position P’ on the one side to P” on the. other, there is an abrupt change in 
the value of T or say of ae the first derived function of the potential in regard 
to the orthotomic arc s, that is, in the rate of increase of V in the passage of the 
attracted point normally to the surface. It is obvious that, if the attracted point 
traverses the surface obliquely instead of normally, viz. if the arc s cuts the surface 


obliquely, there is the like abrupt change in the value of 1g 
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Reverting to the original form of the two equations, and attending to the relation 
+ Q” =0, we obtain 
ae ae wis Oe 
dd de. TL (qe—h)” 
or, what is the same thing, 


T(3s—4) dW’ aw” 
-- pe ( ) POOL NI. co, (C). 


ant ae 


11. I recall the signification of the symbols:—V’, V” are the potentials, it may 
be different functions of the coordinates (a,..,c, e) of the attracted point, for positions 
of this point on the two sides of the surface (as to this more presently): and W’, W” 
are what V’, V” respectively become when the coordinates (a,..,¢, e) are replaced by 
(a,..,2, w), the coordinates of a point M on the surface. The explanation of the 


symbols a 5 Ai is given a little above; p denotes the density at the point (æ, .., z, w). 


12. The like remarks arise as with regard to the former distribution theorem (A); 
the functions V’, V” cannot be assumed at pleasure; non constat that there is any 
distribution in space, and still less any distribution on the. surface, which would give 
such values to the potential of a point (a,..,c, e) on the two sides of the surface 
respectively; but assuming that the functions V’, V” are such that they do arise from 
a distribution on the surface, or say that they satisfy all the conditions, whatever they 
are, required in order that this may be so, then the formula determines the distri- 
bution, viz. it gives the value of p, the density at a point (æ, .., 2, w) of the surface. 


13. In the case where the surface is the plane w=0, viz. in the case of the 
potential-plane integral, 


D eg p da... dz 
Fel a a eeii ae (B), 


(e assumed to be positive); then, since the conformation is symmetrical on the two sides 
of the plane, V’ and V” are the same functions of (a,..,¢, e), say they are each =V; 
W’, W” are each of them the same function, say they are each = W, of (@,.., 2, e) 
that V is of (a,.., c, e); the distribution-formula becomes 


E E a (dW 
PAE (ae hss ade ule AN D (B), 


viz. this is also what one of the prepotential-plane formule becomes on writing therein 
qered 
q=0, or Negative. Art. Nos. 14 to 18. 


14. Consider the case g=0. The prepotential of the disk is 
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to get rid of the constant term we must consider the derived function in regard to s, 


viz. this is 
a) RRC T 
NEP Vhs ‘8’ 


and we have thus for the whole surface 

dV _ 2 (T41 

de 9P The v 
where Q, which relates to the remaining portion of the surface, is finite; we have thence, 
writing, as before, W in place of V, 


dW _-2(T 4)" 


8&8 -z = 


ds P Ths ’ 


ips e aie lf ae 
p= 3M hy (+ ae 


15. Consider the case q negative, but —q<4. The prepotential of the disk is here 


oT} (R _, TPislg 5 
Djs {Faq + AMAI 


to get rid of the first term we must consider the derived function in regard to s, 


viz. this is 
-sama p 2 CIT (0+1), 
TGs+q) ’ 
whence, for the potential of the whole surface, 
dV _ Spat SEY Eger) 
ta tel wh A 


where Q, the part relating to the remaining portion of the surface, is finite. Multiplying 
by 2+ (where the index 2¢+1 is positive), the term in Q disappears; and writing, 
as before, W in place of V, this is 

agW_ 2(TPT(g+1) 


8240+11 
d 


8 P rłs+q 
FOKE E a TLLA 
Ae Srp ree | ‘A iy 


viz. we thus see that the formula (A*) originally obtained for the case gq positive 
extends to the case g=0, and g=— but —q<4; but, as already seen, it does not 
extend to the limiting case g=— 4. 


’ 


or, say 


16. If q be negative and between —} and —1, we have in like manner a formula 
AV _g_ 20h gth) 

de ~*~ PT Gs+q) 
GC. IX. 42 


gg ; 
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but here, 2g+1 being negative, the term +%+!Q does not disappear: the formula has 
to be treated in the same way as for g=—4, and we arrive at 


dW’. 4 aw) aay (941) 
vty adc + es PRED Ae Fe N, 
f. 2q+1 da’ +s 2q+1 da? Emi a foie 


viz. the formula is of the same form as for the potential case g=—4. Observe that 
the formula does not hold good in the limiting case q =—1. 


_ 17. We have, in fact, for g=—1, the potential of the disk 


_ 2 (13) Š 
I (fs) ° fe Hadas ay es | ae caf} 
whence 
ati 2 (T4) 4 
E m Tie pecs 8), 


since, in the complete differential coefficient ++ 2s log s, the term s vanishes in com- 
parison with 2slogs. Then, proceeding as before, we find 


1 dW 1 aW” 8p 
slogs ds "y log” de” T Gs-1).’ 


but I have not particularly examined this formula. 


18. If q be negative and >—1 (that is, —q >1), then the prepotential for the 
disk is 


(ry = łs+q R= 


Tis |-2g° 1 —2q- Bikey’ + Ket 


and it would seem that, in order to obtain a result, it would be necessary to proceed 
to a derived function higher than the first; but I have not examined the case. 


Continuity of the Prepotential-surface Integral. Art. Nos. 19 to 25. 


19, I again consider the prepotential-surface integral 


f pds 

{(a—aP+...+(¢—2P+ (e— wp 

in regard to a point (a,..,¢c,e) not on the surface; gq is either positive or negative, 
as afterwards mentioned. 


The integral or prepotential and all its derived functions, first, second, &c. ad 
infinitum, in regard to each or all or any of the coordinates (a,..,¢,e), are all finite. 


This is certainly the case when the mass | pdS is finite, and possibly in other cases 


also; but to fix the ideas we may assume that the mass is finite. And the pre- 
potential and its derived functions vary continuously with the position of the attracted 
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point (a,..,¢, e), so long as this point in its course does not traverse the material 
surface. For greater clearness we may consider the point as moving along a continuous 
curve (one-dimensional locus), which curve, or the part of it under consideration, does 
not meet the surface; and the meaning is that the prepotential and each of its 
derived functions vary continuously as the point (a,.., 0c, e) passes continuously along 
the curve. 


20. Consider a “region,” that is, a portion of space any point of which can be, 
by a continuous curve not meeting the material surface, connected with any other 
point of the region. It is a legitimate inference, from what just precedes, that the 
prepotential is, for any point (a,..,c, e) whatever within the region, one and the same 
function of the coordinates (a,..,c, e), viz. the theorem, rightly understood, is true; 
but the theorem gives rise to a difficulty, and needs explanation. 


Consider, for instance, a closed surface made up of two segments, the attracting 
matter being distributed in any manner over the whole surface (as a particular case 
s+1=8, a uniform spherical shell made up of two hemispheres); then, as regards 
the first segment (now taken as the material surface), there is no division into regions, 
but the whole of the (s+1)-dimensional space is one region; wherefore the prepotential 
of the first segment is one and the same function of the coordinates (a,..,c, e) of the 
attracted point for any position whatever of this point. But in like manner the 
prepotential of the second segment is one and the same function of the coordinates 
(a,..,¢, e) for any position whatever of the attracted point. And the prepotential of 
the whole surface, being the sum of the prepotentials of the two segments, is 
consequently one and the same function of the coordinates (a,..,c, e) of the attracted 
point for any position whatever of this point; viz. it is the same function for a 
point in the region inside the closed surface and for a point in the outside region. 
That this is not in general the case we know from the particular case, s+1=3, of 
a uniform spherical shell referred to above. 


21. Consider in general an unclosed surface or segment, with matter distributed 
over it in any manner; and imagine a closed curve or circuit cutting the segment 
once; and let the attracted point (a,..,c, e) move continuously along the circuit. We 
may consider the circuit as corresponding to (in ordinary tridimensional space) a plane 
curve of equal periphery, the corresponding points on the circuit and the plane curve 
being points at equal distances s along the curves from fixed points on the two 
curves respectively; and then treating the plane curve as the base of a cylinder, we 
may represent the potential as a length or ordinate, V=y, measured upwards from 
the point on the plane curve along the generating line of the cylinder, in such wise 
that the upper extremity of the length or ordinate y traces out on the cylinder a 
curve, say the prepotential curve, which represents the march of the prepotential. 
The attracted point may, for greater convenience, be represented as a point on the 
prepotential curve, viz. by the upper instead of the lower extremity of the length or 
ordinate y; and the ordinate, or height of this point above the base of the cylinder, 
then represents the value of the prepotential. The before-mentioned continuity-theorem 
is that the prepotential curve, corresponding to any portion (of the circuit) which 
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does not meet the material surface, is a continuous curve: viz. that there is no abrupt 
change of value either in the ordinate y (= V) of the prepotential curve, or in the 
a . . 2 . 

first or any other of the derived functions T, = &e. We have thus (in each of 
the two figures) a continuous curve as we pass (in the direction of the arrow) from 


( 


N 


J 


a point P’ on one side of the segment to a point P” on the other side of the 
segment; but this continuity does not exist in regard to the remaining part, from 
P” to P’, of the prepotential curve corresponding to the portion (of the circuit) 
which traverses the material surface. 

22. I consider first the case g=—4 (see the left-hand figure): the prepotential 


is here a potential. At the point W, which corresponds to the passage through the 
material surface, then, as was seen, the ordinate y (=the Potential V) remains finite 


N 
pe 


and continuous; but there is an abrupt change in the value of dy that is, in the 


direction of the curve: the point WV is really a node with two branches crossing at 
this point, as shown in the figure; but the dotted continuations have only an analytical 
existence, and do not represent values of the potential. And by means of this branch- 
to-branch discontinuity at the point W, we escape from the foregoing conclusion as to 
the continuity of the potential on the passage of the attracted point through a closed 
surface. 

23. To show how this is, I will for greater clearness examine the case (s+1)=3, 
in ordinary tridimensional space, of the uniform spherical shell attracting according to 
the inverse square of the distance; instead of dividing the shell into hemispheres, I 
divide it by a plane into any two segments (see the figure, wherein A, B represent 
the centres of the two segments respectively, and where for graphical convenience the 
segment A is taken to be small). 

We may consider the attracted point as moving along the axis ææ’, viz. the two 
extremities may be regarded as meeting at infinity, or we may outside the sphere 
bend the line round, so as to produce a closed circuit. We are only concerned with 
what happens at the intersections with the spherical surface. The ordinates represent 
the potentials, viz. the curves are a, b,c for the segments A, B, and the whole 
spherical surface respectively. Practically, we construct the curves c, a, and deduce the 
curve b by taking for its ordinate the difference of the other two ordinates. The 
curve ¢ is, as we know, a discontinuous curve, composed of a horizontal line and two 
hyperbolic branches; the curve a can be laid down approximately by treating the 
segment A as a plane circular disk; it is of the form shown in the figure, having 
a node at the point corresponding to A. (In the case where the segment A is 
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actually a plane disk, the curve is made up of portions of branches of two hyperbolas ; 
but taking the segment A as being what it is, the segment of a spherical surface, 
the curve is a single curve, having a node as mentioned above.) And from the 


curves c and a, deducing the curve b, we see that this is a curve without any 
discontinuity corresponding to the passage of the attracted point through A (but with 
an abrupt change of direction or node corresponding to the passage through B). And 
conversely, using the curves a, b to determine the curve c, we see how, on the passage 
of the attracted point at A into the interior of the sphere, in consequence of the 
branch-to-branch discontinuity of the curve a, the curve c, obtained by combination 
of the two curves, undergoes a change of law, passing abruptly from a hyperbolic to 
a rectilinear form, and how similarly on the passage of the attracted point at B from 
the interior to the exterior of the sphere, in consequence of the branch-to-branch 
discontinuity of the curve b, the curve c again undergoes a change of law, abruptly 
reverting to the hyperbolic form. 


24. In the case g positive, the prepotential curve is as shown by the right-hand 
figure on p. 332, viz. the ordinate is here infinite at the point W corresponding to 
the passage through the surface; the value of the derived function changes between 
+ infinity and — infinity; and there is thus a discontinuity of value in the derived 
function. It would seem that, when gq is fractional, this occasions a change of law 
on passage through the surface: but that there is no change of law when q is 
integral. 

In illustration, consider the closed surface as made up of an infinitesimal circular 
disk,. as before, and of a residual portion; the potential of the disk at an indefinitely 
near point is found as before, and the prepotential of the whole surface is 

(Ta) Tg 
> mT Gere tite 
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where V,, the prepotential of the remaining portion of the surface, is a function which 
varies (and its derived functions vary) continuously as the attracted point traverses 
the disk. To fix the ideas, we may take the origin at the centre of the disk, and 
the axis of e as coinciding with the normal, so that s, which is always positive, is 
=+e; the expression for the prepotential at a point (a,..,c, e) on the normal through 
the centre of the disk is 


1 (Th). rq 


= (gon AA ET tt 


viz. when g is fractional there is the discontinuity of law, inasmuch as the term 
changes from a to =n but when g is integral this discontinuity disappears. The 


like considerations, using of course the proper formula for the attraction of the disk, 
would apply to the case g=0 or negative. 


25. Or again, we might use the formulæ which belong to the case of a uniform 
(s + l)-coordinal spherical shell (see Annex No. III), viz. we decompose the surface 
as follows, 

surface = disk + residue of surface ; 


and then, considering a spherical shell touching the surface at the point in question 
(so that the disk is, in fact, an element common to the surface and the spherical 
shell), and being of a uniform density equal to that of the disk, we have 


disk = spherical shell — residue of spherical shell; 
and consequently 


surface = spherical shell — residue of spherical shell + residue of surface ; 


and then, considering the attracted point as passing through the disk, it does not 
pass through either of the two residues, and there is not any discontinuity, as regards 
the prepotentials of these residues respectively; there is consequently, as regards the 
prepotential of the surface, the same discontinuity that there is as regards the 
prepotential of the spherical shell. But I do not further consider the question from 
this point of view. 


The Potential Solid Integral. Art. No. 26. 


26. We have further to consider the prepotential (and in particular the potential) 
of a material space; to fix the ideas, consider for the moment the case of a 
distribution over the space included within a closed surface, the exterior density being 
zero, and the interior density being, supposed for the moment, constant; we consider 
the discontinuity which takes place as the attracting point passes from the exterior 
space through the bounding surface into the interior material space. We may imagine 
the interior space divided into indefinitely thin shells by a series of closed surfaces 
similar, if we please, to the bounding surface; and we may conceive the matter 
included between any two consecutive surfaces as concentrated on the exterior of the 
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two surfaces, so as to give rise to a series of consecutive material surfaces; the 
quantity of such matter is infinitesimal, and the density of each of the material surfaces 
is therefore also infinitesimal, As the attracted point comes from the external space 
to pass through the first of the material surfaces—suppose, to fix the ideas, it moves 
continuously along a curve the are of which measured from a fixed point is =s—there 
is in the value of V (or, as the case may be, in the values of its derived functions 


| &c.) the discontinuity due to the passage through the material surface; and the 
like as the attracted point passes through the different material surfaces respectively. 
Take the case of a potential, g=—4; then, if the surface-density were finite, there 
would be no finite change in the value of V, but there would be a finite change 


in the value of sa ; as it is, the changes are to be multiplied by the infinitesimal 


density, say p, of the material surface; there is consequently no finite change in the 
value of the first derived function; but there is, or may be, a finite change in the 
value of Er 
ds? 
change corresponding to the passage through the successive material surfaces respectively; 
that is, as the attracted point enters into the material space, there is a change in 
the law of V considered as a function of the coordinates (a,..,c¢,e) of the attracted 
point; but by what precedes this change of law takes place without any abrupt 
change of value either of V or of its first derived function; which derived function 
may be considered as representing the derived function in regard to any one of the 
coordinates a,..,c,@ The suppositions, that the density outside the bounding surface 
was zero and inside it constant, were made for simplicity only, and were. not essential ; 
it is enough if the density, changing abruptly at the bounding surface, varies con- 
tinuously in the material space within the bounding surface*. The conclusion is that 
V’, V” being the values at points within and without the bounding surface, V” and 
V” are in general different functions of the coordinates (a,..,c, e) of the attracted 
point; but that at the surface we have not only V’=V”, but that the first derived 
functions are also equal, viz. that we have 
dV’ dV” aV’.adV": dv’ av" 


aa A, ae tiie sree. 2 


and the higher derived functions. But there is in V an infinitesimal 


27. In the general case of a Potential, we have 


ty E ae I ei 
eel Freee T +(c—z) + (e — wf: 


If p does not vanish at the attracted point (a,..,c, e), but has there a value p’ 
different from zero, we may consider the attracting (s+1)-dimensional mass as made 


* It is, indeed, enough if the density varies continuously within the bounding surface in the neighbourhood 
of the point of passage through the surface; but the condition may without loss of generality be stated as 
in the text, it being understood that for each abrupt change of density within the bounding surface we must 
consider the attracted point as passing through a new bounding surface, and have regard to the resulting 
discontinuity. ; 
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up of an indefinitely small sphere, radius e and density p’, which includes within it 
the attracted point, and of a remaining portion external to the attracted point. 


Writing V to denote ay nee iy then, as regards the potential of the sphere, 
we have V V=- AEDE p (see Annex III. No. 67), and as regards the remaining 


I (4s — $) 
portion VV=0; hence, as regards the whole attracting mass, VV has the first- 
mentioned value, that is, we have 


La d Ci s 4 (T SAY oa 
ee ie ee ia) Pee a E EFS 


where p’ is the same function of the coordinates (a,..,c, e) that p is of (#,..,2, w); 
viz. the potential of an attracting mass distributed not on a surface, but over a 
portion of space, does not satisfy the potential equation 

(+ a od 


dat +>; 


det +33) Wh, 


but it satisfies the foregoing equation, which only agrees with the potential equation 
in regard to a point (a. .,¢, e) outside the material space, and for which, therefore, 
p is =0. 


The equation may be written 


ol aad d æ 
P =-F Tp (iat er ks +3) kd 


or, considering V as a given function of (a,..,¢, e), in general a discontinuous 
function but subject to certain conditions as afterwards mentioned, and taking W the 
same function of (æ,..,z2z, w) that V is of (a,..,c, e), then we have 


hubi a) de a 
m a a teeta Shali The (D), 


viz. this equation determines p as a function, in general a discontinuous function, of 
(z,..,2, w) such that the corresponding integral i 


a pdg... dz dw 
r= we + (c — 2} + (e — w)?} 9 


may be the given function of the coordinates (a,..,c, e). The equation is, in fact, 
the distribution-theorem D. 


28. It is to be observed that the given function of (a,..,c, e) must satisfy 
certain conditions as to value at infinity and continuity, but it is not (as in the 
distribution-theorems A, B, and C it is) required to satisfy a partial differential 
equation; the function, except as regards the conditions as to value at infinity and 
continuity, is absolutely arbitrary. 
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The potential (assuming that the matter which gives rise to it lies wholly within 
a finite closed surface) must vanish for points at an infinite distance: or, more 
accurately, it must for indefinitely large values of a?+...4+c?+¢ be of the form, 
Constant + (a? + ... + c+ e). It may be a discontinuous function; for instance, 
outside a given closed surface it may be one function, and inside the same surface a 
different function of the coordinates (a,..,c, e); viz. this may happen in consequence 
of an abrupt change of the density of the attracting matter on the one and the 
other side of the given closed surface, but not in any other manner; and, happening 
in this manner, then V’ and V” being the values for points within and without the 
surface respectively, it has been seen to be necessary that, at the surface, not only 


/ Wt C AKT dV’ dV" OP cee . -)? 
V’ = V”, but also Bl E a BT ea Subject to these conditions as. 


to value at infinity and continuity, V may be any function whatever of the coordinates 
(a,..,¢, e); and then taking W, the same function of (a,..,2z,w), the foregoing 
equation determines p, viz. determines it to be =0 for those parts of space which 
do not belong to the material space, and to have its proper value as a function of 
(#,..,2, w) for the remaining or material space. 


The Prepotential-Plane Theorem A. Art. Nos. 29 to 36. 


29. We have seen that, if there exists on the plane w=0 a distribution of 
matter producing at the point (a,..,c, e) a given prepotential V—viz. V is to be 
regarded as a given function of (a,..,c, e)—, then the distribution or density p is 
given by a determinate formula; but it was remarked that the prepotential V cannot 
be a function assumed at pleasure: it must be a function satisfying certain conditions. 
One of these is the condition of continuity; the function V and all its derived 
functions must vary continuously as we pass, without traversing the material plane, 
from any given point to any other given point. But it is sufficient to attend to 
points on one side of the plane, say the upperside, or that for which e is positive; 
and since any such point is accessible from any other such point by a path which 
does not meet the plane, it is sufficient to say that the function V must vary 
continuously for a passage by such path from any such point to any such point; 
the function V must therefore be one and the same function (and that a continuous 
one in value) for all values of the coordinates (a,..,c) and- positive values of the 
coordinate e. 


If, moreover, we assume that the distribution which corresponds to the given 
potential V is a distribution of a finite mass | pdx ...dz over a finite portion of the 


plane w=0, viz. over a portion or area such that the distance of a point within the 
area from a fixed point, or say from the origin (a,..,c)=(0,..,0), is always finite; 
this being so, we have the further condition that the prepotential V must, for in- 
definitely large values of all or any of the coordinates (a,..,c, e), reduce itself to the 
form 


(f pdo ive dz) + (a? + we HEHEA, 
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The assumptions upon which this last condition is obtained are perhaps unnecessary ; 
instead of the condition in the foregoing form we, in fact, use only the condition that 
the prepotential vanishes for a point at infinity, that is, when all or any one or more 
of the coordinates (a,..,¢, e) are or is infinite. 


Again, as we have seen, the prepotential V must satisfy the prepotential equation 


2 2 2 
ee d d  wt+id 


dea dé e 5)" 0. 


These conditions satisfied, to the given prepotential V there corresponds, on the 
plane w=0, a distribution given by the foregoing formula; it will be a distribution 
over a finite portion of the plane, as already mentioned. 


30. The proof depends upon properties of the prepotential equation 


d? d @ 2Q+ld 
(t “On at tab kde 


q) W=0, 


or, what is the same thing, 


d 


xP, (em aa +.. + bah (em 


dz d de 


Aa ya d ( 1) =0, 
say, for shortness, O W = 0. 


Consider, in general, the integral 


aW dW  /dW\? 
+1 fA eed 
| de...ds dee (Y t +(G)t 
taken over a closed surface S lying altogether on the positive side of the plane e=0, 
the function W being in the first instance arbitrary. 


Writing the integral under the form 


dW dW U dW dw aW 
rY 
fas.. . dz de (eu Ion dp te tet Ais etre el. 


we reduce the several terms by an sik sel by parts as follows :— 


The term in ite = Í dy ... dz de Wer tM -f da... dzde we (e geat iy 
dw. 
a 2 = | ae de Wet zi -f dx... dzde we (ers TA, 
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Write dS to denote an element of surface at the point (a,..,z, e) Then taking 
a,..,, Ò to denote the inclinations of the interior normal at that point to the positive 
axes of coordinates, we have 

dy ... dz de = — dS cos a, 


bak de = — dS cos y, 
OSes dz=-—dS cos 8; 
and the first terms are together 


d W d W dW 
ape 2q+1 ride — 
= Je w( i A R a RN cos 8) dS, 
W here denoting the value at the surface, and the integration being extended over 


the whole of the closed surface: this may also be written 
=- | em wo dS, 


where « denotes an element of the internal normal. 


The second terms are together 


A (eon 4 (em) 4 d (anI) fio dade WOW, 


out 
( de 


=-[de..dede W f7 


We have consequently 


fae dese ERY + (EY + (Y 


dw 


=- fem vo dS- | de... dedee WOW. 


31. The second term vanishes if W satisfies the prepotential equation OW=0; 
and this being so, if also W=0O for all points of the closed surface §, then the first 
term also vanishes, and we therefore have 


d Wye dW\? WNN) 
| de... dz de em 1( =) +t) +(e )j= 0, 
where the integration extends over the whole space included within the closed surface ; 
whence, W being a real function, 
PA EELT EEE, 
dx 


a! Vane © 
for all points within the closed surface; consequently, since W vanishes at the surface, 
W = 0 for all points within the closed surface. 


32. Considering W as satisfying the equation LJ W =0, we may imagine the closed 
surface to become larger and larger, and ultimately infinite, at the same time flattening 
43—2 
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itself out into coincidence with the plane e=0, so that it comes to include the whole 
space above the plane e=0: say the surface breaks up into the surface positive infinity 
and the infinite plane e=0. 


The integral | an win dS separates itself into two parts, the first relating to 


the surface positive infinity, and vanishing if W=0 at infinity (that is, if all or 
any of the coordinates ,..,z, e are infinite); the second, relating to the plane e=0, 
is | W (ers eA dæ...dz, W here denoting its value at the plane, that is, when e=0, 
and the integral being extended over the whole plane. The theorem thus becomes 


dW\? dW\?  /dW\? dW 
er (OM etd ee a ab e a e 
fda... dzde. i (o) te +(Ge)t Í (em qe) d de 
Hence also, if W=0 at all points of the plane e=0, the right-hand side vanishes, 


and we have 
[ae .. dz de. eat (ae) +... + (Gr) + (a) = 0; 


Consequently AA =0, EE UA 0, w- 0, for all points whatever of positive space; and 


therefore also W =0 for all points whatever of positive space. 


33. Take next U, W, each of them a function of (#,.., 2, e), and consider the 
integral 


dU aw dU dW , dU dW 
Sy ip) ste aah petal 


| de... dede eh (5. 


taken over the space within a closed surface S; treating this in a similar manner, we 
find it to be , 


=- fem wo ds | de ... dsde.er WOU, 


where the integration extends over the whole of the closed surface S; and by parity 
of reasoning it is also 


aw 


=- fem U de 


d8 — | dw...dede.e VOW, 
with the same limits of integration; that is, we have 
dU dw 
fers WS, dS+[de...dede.er WOU=[er 0 as + fde... dede. er VOW, 
8 
which, if U and W each satisfy the prepotential equation, becomes 
Jem Wo, aS = | ex yV ag 
ds ds 


And if we now take the closed surface S to be the surface positive infinity, together 
with the plane e=0, then, provided only U and V vanish at infinity, for each integral 
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the portion belonging to the surface positive infinity vanishes, and there remains only 
the portion belonging to the plane e=0; we have therefore 


| e W sd 


dæ... dz = fem TeV dn .-. AZ, 

de 
where the functions U, W have each of them the value belonging to the plane e=0: 
viz. in U, W considered as given functions of (#,..,2, e) we regard e as a positive 


quantity ultimately put =0; and where the integrations extend each of them over the 
whole infinite plane. 


34. Assume 
1 


an expression which, regarded as a function of (a,.., 2, e), satisfies the prepotential 
equation in regard to these variables, and which vanishes at infinity when all or any 
of these coordinates (#,.., 2, e) are infinite. 
We have 
2 —2 bs +q)e 


and we have consequently 

Bete f(a dW P PREA 
("ase i Fe ay pemn FA dz = | (er =) {(a—a2)?+...+(c—z2)? +e} ta’ 
where it will be recollected that e is ultimately =0; to mark this, ips may for W 


write W,. 


Attend to the left-hand side; take V, the same function of a,..,c, e=0, that W, 
is of z,.., z, e=0; then, first writing the expression in the form 


| —2 (4s + q)e% da... dz 


(a-s) +... +(C— 2)? + ept? 
write c=a+ef,..,z=c+e€, the expression becomes 


-2 (4s +0). edt... dE dt 
PATE ae 2-2040 M] gpp ee 


= V, 


where the integral is to be taken from — to +% for each of the new variables 


TRA 


Writing £= ra, .., ¥=ry, where œ+... +y =1, we have d... dẹ=r dr dS: also 
E+... +6 =r, and the integral is 


r drdS ds wA dr 
TAA m (L+ rjr : =f k (a + gata $ 
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where | dS denotes the surface of the s-coordinal unit sphere a? +...+7=1, and the 


r-integral is to be taken from r=0 to r=; the values of the two factors thus are 


fas- 2 (T4): a een oe etd 9) Tr TOEN) 


r (4s) ’ + ryetet T (4s +q +1) ` 
Hence the expression in question is 
4 2(T3¥ 404s (q+1) _—2(T4¥T(q+1) 
TEs PO ty Got ace 
and we have 
[(e 2] ; dx... dz _-2 Ty (4+1) V,: 
e/, (a= 2 +... +(0— 2} + ejt I (48+ q) 


or, what is the same thing, 
i -Tr Qs +q) ( mn) 
a | zr G+) OF” aay 
aips (a-a? +... +c —2)? + ejt 
35. Take now V a function of (a,..,c, e) satisfying the prepotential equation in 
regard to these variables, always finite, and vanishing at infinity; and let W be the 
same function of (#,.., 2, e), W therefore satisfying the prepotential equation in regard 
to the last-mentioned variables. Consider the function 
MA. Aoi 4 A] 
r-| yy TG ty (Ot de ),@2 
{((a—aP+...+(c—zP+e}sra ? 


where the integral is taken over the infinite plane e=0; then this function (V — the 
integral) satisfies the prepotential equation (for each term separately satisfies it), is 
always finite, and it vanishes at infinity. It also, as has just been seen, vanishes for 
any point whatever of the plane e=0. Consequently it vanishes for all points whatever 
of positive space. Or, what is the same thing, if we write 


FS: ERNE dee i S 
ay per eC Fc eee (A), 


where p is a function of (z,.., z) and the integral is taken over the whole infinite 
plane, then if V is a function of (a,..,c, e) satisfying the above conditions, there 
exists a si ily value of p; viz. ‘aking W the same function of (a,.., 2, e) 
which V is of (a, .., c, e), the value of p is 


a r (4s +q) yn dW 
an r T ie T an Oe ccbesepocesccesoesecese (A), 


where e is to be put =0 in the function œa a This is the prepotential-plane 


theorem; viz. taking for the prepotential in regard to a given point (a,..,C, €) a 
function of (a,..,¢, e) satisfying the prescribed conditions, but otherwise arbitrary, 
there exists on the plane e= 0 a distribution p given by the last-mentioned formula. 
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36. It is assumed in the proof that 2q+1 is positive or zero; viz. q is positive, 
or if negative then — q 4; the limiting case g=—}4 is included. 


It is to be remarked that, by what precedes, if q be positive (but excluding the 
case g=0), the density p is given by the equivalent more simple formula 


_PGs+q) ea 
ee 
The foregoing proof is substantially that given in Green’s memoir on the Attraction 
of Ellipsoids; it will be observed that the proof only imposes upon V the condition 
of vanishing at infinity, without obliging it to assume for large values of (a,..,¢, e) 
the form 
M 
fa? +... +e? + etre’ 


The Potential-surface Theorem C. Art. Nos. 37 to 42. 


29 d? Pe a ; 
37. In the case q=- 4, writing here V ERT gar WO have, precisely 


as in the general case, 


[m as+ fde.. Sdad WY U= [oF as+ fas .dedeUVW; 


and if the functions U, W satisfy the equations VU=0, V W=0, then (subject to the 
exception presently referred to) the second terms on the two sides respectively each of 
them vanish. 


But, instead of taking the. surface to be the surface positive infinity together with 
the plane e=0, we now leave it an arbitrary closed surface, and for greater symmetry 
of notation write w in place of e; and we suppose that the functions U and W, or one 
of them, may become infinite at points within the closed surface; then, on this last 
account, the second terms do not in every case vanish. 


38. Suppose, for instance, that U at a point indefinitely near the point (a,..,c, e) 
within the surface becomes 


1 
~{(@—aP+... +(2—cP + (w— ep?’ 


then if V be the value of W at the point (a,.., c, e), we have 


| do... de dw WVU= V | de ...dzdw V U; 


and since VU=0, except at the point in question, the integral may be taken over any 
portion of space surrounding this point, for instance, over the space included within the 
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sphere, radius R, having the point (a,..,c, e) for its centre; or taking the origin at 
this point, we have to find | dæ ...dzdw V U, where 


T 


ETET 


and the integration extends over the space within the sphere #?+...4+2+w?= R. 


39. This may be accomplished most easily by means of a particular case of the 
last-mentioned theorem; viz. writing W=1, we have 


J a+[ de... dzdw Y U=0, 


or the required value is =— Js dS over the surface of the last-mentioned sphere. 

We have, if for a moment 7?=a?+...+2+w%, 

dU æ d zd wd dU (/a d zd wd dU 

de es dat "tp det + asi) Rhee le det tiar Agi dr’ 
s—1 s—1 ? 

that is, Di ae ou at the surface; and hence 


aset zy fas 


where | dS is the whole surface of the sphere a?+...42+w*=R?, viz. it is = R$, 
multiplied by the surface of the unit-sphere a?+...+2?+w*=1. This spherical surface, 
say | d=, is 


FT ig sa RE EE 
Meti @=-DI@=—1)’ 
and we have thus At = omen and consequently 
a 4 (Tit 
fa ..- dz dw VU =— EES 


40. Treating in like manner the case, where W at a point indefinitely near the 
point (a,..,C, e) within the surface becomes 
— 1 e 
~ (æa? +... + (z= c} + (w epp 


and writing T to denote the same function of (a,..,c, e) that U is of (#,..,z, w), we 
have, instead of the foregoing, the more general theorem 


4, AEP, 
r (4s—4) 
sfo a84 fde.. N 


[e a84 fds.. .dedw WYU- $ 4 


Ary” 
Tas- 
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where, in the two solid integrals, we exclude from consideration the space in the imme- 
diate neighbourhood of the two critical points (a,..,c¢, e) and (a,..,¢, e) respectively. 
Suppose that W is always finite within the surface, and that U is finite except at 
the point (a,..,c, e): and moreover that U, W are such that VU=0, VW=0; then 
the equation becomes 
+ 
[ws Te- R v=f rer ag, 
-4 ds 
In particular, this equation holds T if U is 


1 
~ (@—aF +... + e— wy 


41. Imagine now on the surface S a distribution pdS producing at a point 
(a’,..,¢’, e) within the surface a potential V’, and at a point (a”,..,c’, e”) without 
the surface a potential V”; where, by what precedes, V” is in general not the same 
function of (a”’,..,c”, e”) that V is of (a’,..,c’, é’). 


It is further assumed that at a point (a,..,c, e) on the surface we have V’=V": 


that V’, or any of its derived functions, are not infinite for any point (q’,..,c’, e’) 
within the surface: 


that V”, or any of its derived functions, are not infinite for any point (a”,..,¢’, e”) 
without the surface : 
and that V”=0 for any point at infinity. 
Consider V’ as a given function of (a,..,c, e); and take W’ the same function 
of (a,..,2,w). Then if, as before, ; 
1 
~ {a@—a)P +... + (c—z) + (e— wy 


we have 
d? d Rg 
(iat Er UET. 


dW’ 7 4 (Th) 
g eii [us AET v”. 
[os TGs-)) 

Similarly, considering V” as a given function of (a,..,¢, e), take W” the same 
function of (#,..,2z, e) Then, by considering the space outside the surface S, or say 
between this surface and infinity, and observing that U does not become infinite for 
any point in this space, we have 


ha) U=9 


fos Un sles =| w” ae aS 


adding these two equations, we have 


_ ae a) = | (Raat War) -rep 
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But in this equation the functions W’ and W” each of them belong to a point 
(z,..,2, w) on the surface, and we have at the surface W’= W”, =W suppose; the 


term on the right-hand side thus is | W (ei) dS, which vanishes in virtue of 
dU dU 


rhage —-,=0; and the equation thus becomes 
, n” ae 
Joti aW qaw aW) aS =- 4 (Th) 


del r (4s — 4) 
that -is, the point (a,..,¢, e) being interior, we have 
-f= r (4s —4) (Se n SA f dS 
J 4T \ de’ © de” / {((a—aP +...4+(c-2zP +(e— wy} 


In exactly the same way, if (a,..,c,e) be an exterior point, then we have 
[ot a-w 


d Ww” 1 je = 4 (Tyr a, 
fuir @s- [win ys 


adding, and omitting the terms which vanish, 


(oe Pe as- AEDH yr 


de’ =de" I'(4s— 3) 
that is, 
y" = -T (4s—}) (a) dS 
4 (T4 5Y ds’ . ds” / (a — 8+... +(e — zF + (e — wp- 


42. Comparing the two results with 


Vs | pds 
Jia s+... + (e zF + (e wy’ 
we see that, V’ and V” satisfying the foregoing conditions, there exists a distribution p 


on the surface, producing the potentials V’ and V” at an interior point and an 
exterior point respectively; the value of p in fact being 


T(ts—4)/dW’ dw” 
P< ~ a (Tey es a) 


where W’, W” are respectively the same functions of (#,..,2, w) that V’, V” are of 


(Gy. «>, @) 
The Potential-solid Theorem D. Art. No. 43. 
43. We have as before (No. 40), 


4 (TPH 
[ws Tas 4 | de. dedu WIU- RSE p 
= [UG a8 + | de... dedw 09 W- RGT, 
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where, assuming first that W is not infinite for any point (#,..,2, w) whatever, we have 
no term in F: and taking next TET EEE C + ew) as before, we 
have VU=0; the equation thus becomes 


än 

[we dg- [oi ia- n HEE T= fas.. irda UV W, 
T (4s -3) 

where W may be a discontinuous function i Wi coordinates (#,..,2, w), provided only 


there is no abrupt change in the value either of W or of any of its first derived 
dw dW dw 


functions aera» igen ss ie viz. it may be any function which can represent the 
potential of a solid mass on an attracted point (#,..,2z, w); the resulting value of 
V W is of course discontinuous. Taking, then, for the closed surface S the boundary 


of infinite space, U and W each vanish at this boundary, and the equation becomes 


Tye j 
-Fp T= |da... dzdw UV W; 


viz. substituting for U its value, and comparing with 


to ps N T ANA 
? . {\(a—avP+...+(e—zP + (e— wy}? 


where the integral in the first instance extends to the whole of infinite space, but 
the limits may be ultimately restricted by p being =0, we see that the value of p is 
__'Gs-})/(@# eG, @ ia) 
Oe a (Gat - Fee a age) 


W being the same function of (a#,..,z, w) that V is of (a,..,¢, e): which is the 
theorem D. 


Examples of the foregoing Theorems. Art. Nos. 44 to 50. 


44, It will be remarked, as regards all the theorems, that we do not start with 
known limits; we start with V a function of (a,..,c, e), the coordinates of the 
attracted point, satisfying certain prescribed conditions, and we thence find p, a function 
of the coordinates (#,..,z) or (#,..,2, w), as the case may be, which function is 
found to be =0 for values of (a,..,2) or (a#,..,2, w) lying beyond certain limits, and 
to have a determinate non-evanescent value for values of (a#,..,z) or (#,..,2, w) lying 
within these limits; and we thus, as a result, obtain these limits for the limits of 
the multiple integral V. 


45. Thus in theorem A, in the example where the limiting equation is ultimately 
found to be æ+... +2=f>, we start with V a certain function of a?+...+¢ 
(=x? suppose) and e, viz. V is a function of these quantities through 6, which 
denotes the positive root of the equation 


44—2 


www.rcin.org.pl 


348 A MEMOIR ON PREPOTENTIALS. [607 


the value in fact being V= Í t (t+ f*)-# dt, and the resulting value of p is found 
8 


to be =0 for values of (a,..,2) for which a?+...4+2°>/% Hence V denotes an 


integral 
pda... dz 


Ie =a +... + (0 — zY + ept’? 
the limiting equation being æ? +... +2?= f°: say this is the s-coordinal sphere. 
And similarly, in the examples where the limiting equation is ultimately found to 


a? 2 : ; ; 
be P ii s we start with V a certain function of a,..,c, e through @ (or 


directly and through 0), where @ denotes the positive root of the equation 


a c e 
Fito hee eo 
and the resulting value of p is found to be =0 for values of (#,..,z) for which 


ied 2 
P +... +5 Sh 
Hence V denotes an integral 
| pda... dz 
(a — s} ++... +(e — z} + ejt? 
2 
the limiting equation being E +... + 4 =1: say this is the s-coordinal ellipsoid. It is 


clear that this includes the before-mentioned case of the s-coordinal sphere; but, on 
account of the more simple form of the @-equation, it is worth while to work out 
directly an example for the sphere. 


46. Three examples are worked out in Annex IV.; the results are as follows:— 


First, 0 defined for the sphere as above; q+ 1 positive; 


| (1-2 de... de 
over the sphere æ? +... +4 = f°, 
-T eo fi | im (t+ fdt. 
This is included in the next-mentioned example for the ellipsoid. 
Secondly, @ defined for the ellipsoid as above; q+1 positive; 


a 2NI 
~ Jia- af +... + (c—2) + ejt 
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over the ellipsoid aoe M eA a= 


f? 


-TYT +1) pero : a 
T(gs+q) vent {E+ f°)... (t+ WY} dt, 


This result is included in the next-mentioned example; but the proof for the 
general value’ of m is not directly applicable to the value m=0 for the case in 
question. 


Thirdly, @ defined for the ellipsoid as above; q+1 positive; m=0 or positive, 
and apparently in other cases, 


x g? q+m 
{(a -2+ mee +(c — z+ er}hs+a 
over the ellipsoid as above, 


(TT (l+q+m) Cc m Lom | a 
RETT T nf (1 > Wa Tage) ETE +S)... E+ a) è dt. 


And we have in Annex V. a fourth example; here @ and the ellipsoid are as 
above: the result involves the Greenian functions, 


47. We may in the foregoing results write e=0; the results,—writing therein 
$+1 for s, and in the new forms taking (a,..,c, e) and (a,..,2, w) for the two 
sets of coordinates respectively, also writing g—4 for g—, would give integrals of the 
form 


Í pda... dz dw 

(a =f +... +(e- z} + (e — w) re 

for the (s + 1l)-coordinal sphere and ellipsoid æ+... +2 +w =f? and = P -aA + if a ae =]; 
say these are prepotential-solid integrals; and then, writing g=—4, we he obtain 


potential-solid integrals, such as are also given by the theorem D. The change can 
be made if necessary; but it is more convenient to retain the results in their 
original forms, as relating to the s-coordinal sphere and ellipsoid. 


There are two cases, according as the attracted point -(a,.., c) is external or 
internal. 
2 
For the sphere:—For an external point «?> f°; writing e=0, the equation ae g=1 


has a positive root, viz. this is @=x«*—f*; and @ will have, or it may be replaced 
by, this value «?— f?: for an internal point «x?< f°; as e approaches zero, the positive 
root of the original equation gradually diminishes and becomes ultimately =0, viz. in 
the formule @ is to be replaced by this value 0. ¥ 


For the TO :—For an external point Faa .+ aol writing e=0, the equation 


2 
ee oa woot Eo 1 has a positive root, and @ will denote this positive root: for an 
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he 
equation gradually diminishes and becomes ultimately =0, viz. in the formule @ is 
to be replaced by this value 0. 


internal point A e me ee Y l; as e approaches zero the positive root of the original 


The resulting formule for the sphere æ? +... +2=f? may be compared with 
formulæ for the spherical shell, Annex VI, and each set with formulæ obtained by 
direct integration in Annex III. 


.We may in any of the formule write q =— 4, and so obtain examples of theorem B. 


48. As regards theorem C, we might in like manner obtain examples of potentials 
relating yi the avia of the (s+1)-coordinal sphere æ+... +2+w= f°, and 


f? ke 
confined myself k the sphere. We have to assume values V’ and V” belonging to 
the cases of an internal and an external point respectively, and thence to obtain a 
value p, or distribution over the spherical surface, which shall produce these potentials 


respectively. The result (see Annex VI.) is 


=1, or say to spherical and ellipsoidal shells; but I have 


ellipsoid Sa +5 Ee 


PEE E E 
(amay tait konsy teup 
over the surface of the (s+ l)-coordinal sphere æ +... +2 +w = f°, 


RE a s+4) = for exterior point «x >f, 


and 
2st 
PPFD 
where =a? +... +2 +e. Observe that for the interior point the potential is a mere 
constant multiple of f. 


for interior point «<f, 


The same Annex VI. contains the case of the s-coordinal cylinder æ+... + 2 = f°, 
which is peculiar in that the cylinder is not a finite closed surface; but the theorem 
C is found to extend to it. 


49. As regards theorem D, we might in like manner obtain abep relating 


to the (s+1)-coordinal sphere æ+... +2 +w=f° and ellipsoid Fh: EEA fat 45-1; 


but I confine myself to the case of the sphere (see Annex VII.). We here assume 
values V’ and V” belonging to an internal and an external point respectively, and 
thence obtain a value p, or distribution over the whole (s+1)-dimensional space, 
which density is found to be =0 for points outside the sphere. The result obtained is 


dz...dzdw 
ld | ar me CE TETA 
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over the (s+1)-coordinal sphere æ+... +2 +w = f’, 


UER LA i AE A 
T (s48) e 


= ea {(4s + 4) f? — (4s —4) «} for an interior point «x< f, 


for an exterior point «>f, 


where =@'+...+¢C +e 


50. The remaining Annexes VIII. and IX. have no immediate reference to the 
theorems A, B, C, D, which are the principal objects of the memoir. The subjects to 
which they relate will be seen from the headings and introductory paragraphs. 


ANNEX I. Surface and Volume of Sphere a?+...+2+w*=f*% Art. Nos. 51 and 52. 


51. We require in (s+ 1)-dimensional space, | dæ... dzdw, the volume of the 


sphere æ? + ... +2 +w = f’, and | dS, the surface of the same sphere. 
Writing c=fVE,..;2=f VE, w = fv, we have 
dar... dz dw = zip f™ EF... E om dE ... dé do, 


with the limiting condition §+...4+¢+o=1; but in order to take account as well 
of the negative as the positive values of #,..,z, w, we must multiply. by 27. The 
value is therefore : 


= fe fe tbo dE ... dẹ do, 


v 


extended to all positive values of £,..,¢, œ, such that &+...4+€+@<1; and we obtain 
this by a known theorem, viz. 


ae 
Volume of (s + 1)-dimensional sphere = /** CHT ; 


Writing «=f/€,..,2=f¢, w=fw, we obtain dS = f° dÈ, hars d> is the element of 
surface of the unit-sphere &+...+ €+?=1; we have element of volume dé... dY dw 
=r drdX, where r is to be taken from 0 to 1, and thence 


1 1 
[ae Y dgdo= fdr [az= faz 
that is, 


faz =6+1) | dg... dtdo, -20D D 


8+1 
consequently | dS = surface of (¢+1)-dimensional sphere = /* i ae $) 
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52. Writing s—1 for s, we have 


Volume of (s—1)-dimensional sph (T$) 
phore=S" Tet)’ 
Surface of do. = fr Ta 


which forms are sometimes convenient. 


Writing in the first forms s+1=3, or in the second forms s=3, we find in 
ordinary space 


$ 
Volume of sphere = f° y _ fiii S.A A 


DS pin ie 
and 
Surface of sphere = pie a z, = 4arf?, 
as they should be. 
Annex II. The Integral |" A. Art. Nos. 58 to 63 
; g > + era . Nos. o 63. 


53. The integral in question (which occurs ante, No. 2) may also be considered 
as arising from a prepotential integral in tridimensional space; the prepotential of an 


element of mass dm is taken to be = ae, where d is the distance of the element 


from the attracted point P. Hence if the element of mass be an element of the plane 
z=0, coordinates (#, y) p being the density, and if the attracted point be situate in 
the axis of z at a distance e from the origin, the prepotential is 


V= | p dx dy 
(+ y+ eer 
For convenience, it is assumed throughout that e is positive. 


Suppose that the attracting body is a circular disk, radius R, having the origin 
for its centre (viz. that bounded by the curve æ +4°= R°); then writing #=r cos 0, 
y =rsin 0, we have 


=| pr dr dé 
CET ak 


which, if p is a function of r only, is 


prdr 
(r? + e*)hera 


= 2r 


and in particular, if p=7°-*, then the value is 


9 [233 a dr 
— TG + eye? 
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the integral in regard to r being taken from r=0 to r=R. It is assumed that s—1 
is not negative, viz. it is positive or (it may be) zero. I consider the integral 


A er 
o (P +e? 


which I call the r-integral, more particularly in the case where e is small in com- 
parison with R. It is to be observed that e not being =0, and R being finite, the 
integral contains no infinite element, and is therefore finite, whether q is positive, 
negative, or zero. 


54. Writing r=evv, the integral is 


~ v- dy 
z —2q ——_—_—__. 
łe | (1 +0)’ 


the limits being a and 0. 


In the case where q is positive, this is 


Saye f- -fa p ana a 


MEA eae, Bg 
= 4" TP Get+Q)’ 


and the second term is a term expansible in a series containing the powers 2q, 2q + 2; 


viz. the first term of this is 


&c. of the small quantity = as appears by effecting therein the substitution v= zs 


viz. the value of the entire integral is by this means found to be 
pe eat l'ys.Tq uf Sat. 
I (48+ q) (1+ w)+9 


55. In the case where g is =0, or negative, the formula fails by reason that the 
vis dy 


48 
element nET of the integrals i p becomes infinite for indefinitely large values 
fu BR to th lf ee i ie tbe E “that thi 
ol Uv. ecurring (0) e origina orm ft (+ era? it is to be observed that the 


integral has a finite value when e=0; and it might therefore at first sight be 
‘imagined that the factor (r?+e*)-#~? might be expanded in ascending powers of eœ, and 
the value of the integral consequently obtained as a series of positive powers of e. 


R 
But the series thus obtained is of the form e* | rk dr, where 2q being positive, 
0 


the exponent —2qg—2k—1 is for a sufficiently small value of & at first positive, or if 

negative less than — 1, and the value of the integral is finite; but as Æ increases the 

exponent becomes negative, and equal or greater than —1, and the value of the 
C. IX. 45 
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integral is then infinite. The inference is that the series commences in the form 
A+ Bé+ Ce...: but that we come at last when q is fractional to a term of the form 
Ke, and when q is =0 or is integral, to a term of the form Ke2 loge; the process 
giving the coefficients A, B, C,.., so long as the exponent of the corresponding term 
e, @, et.. is less than — 2q (in particular g=0, there is a term kloge, and the 
expansion-process does not give any term of the result), and the failure of the series after 
this point being indicated by the values of the subsequent coefficients coming out = œ. 


56. In illustration, we may consider any of the cases in which the integral can 
be obtained in finite terms. For instance, 
s=2, q=-—3, 
Integral is | r(r +e) dr, =} (P+ eÈ, from 0 to R, 
=1(R+e)- le; 
viz. expanding in ascending powers of e, this is 
=1R+4Re —...— he, 
or we have here a term in @. And so, 
s=1, g=-2, 
Integral is [rebar =(47°+8e)r V+ e+ ge log (r+ Vr? +e), from 0 to R, 
=(4R +e) RVR +e 4 $i loge 
viz. expanding in ascending powers of e, this is 
=} R + Re+ Loot det log 2a, 
or we have here a term in æ loge. 
57. Returning to the form P: 


pe E ys dy 
o F 


and writing herein nait, or, what is the same thing, seri. and for shortness 
e 1 


=——.. , the value is 
’ 29? 
e+ R? 13 


ba 


=e [ie (1 — x) da, 


where observe that g—1 is 0 or negative, but X being a positive quantity less than 
1, the function 2 (1 — æ)}¥#— is finite for the whole extent of the integration. 


R 2 
* Term is $e*log = ; =e (10g 4 +log 2), which, ʻ being large, is reduced to 3e* log”. 
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58. If q=0, this is 
=f 1- {1 - (1 — 2) =} de 
Da x 


“1 = — 2) n 
-plog X -4f HED ae 


Zl a Ji ea lat anit E N L - (1 - 0) de 
ME ey a a, 
where observe that, in virtue of the change made from ‘a — x) to = (i — (1 —2)#>} 
(a function which becomes infinite, to one which does not become infinite, for æ = 0), 


x 
it has become allowable in place of | to write | rae | ; 
X 0 0 


When e is small, the integral which is the third term of the foregoing expression 
RP 
is obviously a quantity of the order eœ; the first term is z (log Ž + log J 1+ f) , which, 


neglecting terms in æ, is =} log Ë , and hence the approximate value of the r-integral 
a atthe | 
TOGET A ; 
1 = pan 8—1 
= log -4f E, Jad. ak ee 
9 


x 
or, what is the same thing, it is 
R f Pis ye 
= log = eh ay l-y 
where the integral in this expression is a mere numerical constant, which, when $s —1 
is a positive integer, has the value 


> 


1 
1 ee he 
tr eso te E 
neglecting this in comparison with the logarithmic term, the approximate value is 
lo R 
rig N 


59. -I consider also the case q=— $; the integral is here 


$e fa (1 — s} dæ 


= pe [a -[1-G—a)}) de 


=e(X> - 1) +e fam {1 — (1 — a)i} da; 
45—2 
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and the first term of this being = Ve + R?—e, this is consequently 
=VB+e+e[™ a= (1-1-2) de —e (1 +4] (1— (1 — ay} da). 
As regards the second term of this, we have 
— 20-41 — (1 — a) =} +2 (4s — 1) Jera — 2) de =f a (1 -(1 — a)} de 
or, taking each term between the limits 1, 0, 


EE VE S A es | Z> - (1 — 2} =} da 


rs- $) 
viz. this integral has the value 
E i 24s T4 . 
FTG 
d the value of the r-integral | rj uentl 
and the value of the r-integral |- eter is conseq y 
——— T4sT} 
=NEFe+gef a {1 — (1 — s) —]} as EE mh 
which is of the form 
a ee Tysl' | 
RII + terms in p> metre ag 4)3 
say the approximate value is 
Ra T4s T4 
ii Gs- 3)" 


where the first term R is the term i dr, given by the expansion in ascending powers 
0 


of e?; the second term is the term in e~%, And observe that the term is the value of 
1 
je | oA — 0) de, 
0 


calculated by means of the ordinary formula for a Eulerian integral (which formula, 

on account of the negative exponent —%, is not really applicable, the value of the 

integral being =) on the assumption that the T of a negative q is interpreted in 

accordance with the equation '(q¢+1)=qIq; viz. the value thus calculated is 
_FCprgs) __, Tels 


T2 TGs- “T(§s—3) 
on the assumption T'4=— 4T (—4); and this agrees with the foregoing value. 


60. It is now easy to see in general how the foregoing transformed value 


1 
ge” i Phi (1— x)!“ da, where q is negative and fractional, gives at once the value of 
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bie 
e+ R’ 


a positive quantity less than 1); the function to be integrated never becomes infinite, 


the term in e, Observe that in the integral æ is always between 1 and X (= 


1 
Imagine for a moment an integral | a* dx, where a is positive or negative. We may 
x 


1 X 
conventionally write this = | a* da -Í æ* dæ, understanding the first symbol to mean 
0 0 


]ite Xita ]i+a — (ite 

L and the second to mean Tia they of course properly mean EEM and 
lta — lta 

Citn rie = ; but the terms in 0'**, whether zero or infinite, destroy each other, 


1 

the original form | æt dæ, in fact, showing that no such terms can appear in the 
x 

result. 


In accordance with the convention, we write 
[io (1— g} de= | am (1 — s) do — f orm (1 — a)" da; 
and it follows that the term in e~”? is 
ze | Ca (1 — 2) de, 


this last expression (wherein q, it will be remembered, is a negative fraction) being 
understood according to the convention; and so understanding it, the value of the 
term is 
ik 
= $e _TysTq_ q à 
I (4s +g) 
where the T of the negative q is to be ase in accordance with the equation 


T'(qg+1)=q0q; viz. we have Tg=r (4+1), = T (q +2), &c, so as to make 


q GD +1) 
the argument of the T positive. Observe that under this convention we have 


T? 4 1° T4s 
ror (1 —q)= ie or the term is $e. ae E ET 


61. An example in which $s—1 is integral will make the process clearer, and 
will serve instead of a general proof. Suppose q =-— +4, }s—1=4, the expression 


1 1 
| at (1 -a de = | (at — 4a? + Got — 4a? + wP) da 
0 0 


is used, in accordance with the convention, to denote the value 
~T-M4H Eta 
—7.2401 -75 
=7(-1-$+4-$4+ 2) ="(-#—-3+ é) =a 5.13. 5.18. 27° 
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But we have 
Thera TEDE 24T (— 4) are 
Tst) TO- Fa. aT CH 5.18.27’ 


agreeing with the former value. 


62. The case of a negative integer is more simple. To find the logarithmic term of 
1 
$e | am (1 — x) daz, 
x 


we have only to expand the factor (1 —.w)#“ so as to obtain the term involving «~%. 
We have thus the term 
? Ths 
e774 a7 (— a —_____ 4 ld_g 
$ iP "Ta=orge+0” 
Ths 
EEN (ee 
iM Gy Garg eX 


-4 dæ 


where log = log (1 + 2), =2 log +2 log v 1+ a so that, neglecting the terms in 


= , &e., this is =2log®, and the term in question is 


vs ENEE iii ees 
=CHe“T Gar Ger Be 


The general conclusion is that q being negative, the r-integral 


R ysl dr 
A (r? re e?)ss+a 


has for its value a series proceeding in powers of e°, which series up to a certain point 
is equal to the series obtained by expanding in ascending powers of @ and inte- 
grating each term separately; viz. the series to the point in question is 


K ġs+tq R= dst+q.gstqtl Ra 


Sige E ET 1.2 ms a 


continued so long as the exponent of e is less than — 2q; together with a term Ke% 


when q is fractional, and Ke~? log = when q is integral; viz. q fractional, this term is 


Te ecg i Cee oe 
I (s+ q)’ 5 “angr Tigs+qg 00 -q 


and gq integral, it is 
[ss 


-ra prer Ee 
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63. It has been tacitly assumed that 48+ q is positive; but the formule hold 
good if $s+q is =0 or negative. Suppose $s+q is 0 or a negative integer, then 
T'(4s+q)=, and the special term involving e~” or eloge vanishes; in fact, in 
this case the r-integral is 


R 
= Í r= (re + ey +0 dr, 
0 


where (7+ e)~@*® has for its value a finite series, and the integral is therefore equal 
to a finite series A + Be? + Ce++ &c. If 48+ ¢ be fractional, then the T of the negative 
quantity 4s +q must be understood as above, or, what is the same thing, we may, 
instead of I'(4s+q), write 
(T3? 
sin ($s +q) rr (1-—q-— Fs)? 


thus, q being integral, the exceptional term is 
=(—) e2 Tissin ($s +q)7. T (1 -—q- 48) log 
TrA -g) 
For instance, s = 1, g=— 2, the term is 


T4 sin (— $27) UF ho = 


re 


or, since ['§=3.414, and T3 =2, the term is ai agreeing with a preceding 


result. 


ANNEX III. Prepotentials of Uniform Spherical Shell. and Solid Sphere. 
Art. Nos. 64 to 92. 


64. The prepotentials in question depend ultimately upon two integrals, which 
also arise, as will presently appear, from prepotential problems in two-dimensional space, 
and which are for convenience termed the ring-integral and the disk-integral respect- 
ively. The analytical investigation in regard to these, depending as it does on a 
transformation of a function allied with the hypergeometric series, is I think interesting. 

65. Consider first the prepotential of a uniform (s+ 1)-dimensional spherical] shell. 
This is 

ve Í dS 
{((a— æ} +... + (c— zF +(e — wjt’ 


the equation of the surface being a*+...+2+w*=f*; and there are the two cases 
of an internal point, œ +... +e +e< f°, and an external point, a? +... ++ e> f. 


The value is a function of œ+... +e +e, say this is =x. Taking the axes so 


that the coordinates of the attracted point are (0,.., 0, x), the integral is 


-Í dS 
J fat e+ (He — WP’? 
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where the equation of the surface is still a+...42+w*=/f*% Writing «=/€,..,2=f€, 
f'l.. dg oe -dg 


w=fw, where E+... +Ẹ += l1, we have dS= , or the integral is 


oF defo + OHO 
Assume é= pa,..,0= = p2, where a?+...+22=1; then p?+o?=1. Moreover, dé... dg, 


= p*1dp dz, where as is the element of surface of the s-dimensional unit-sphere 


e+...+2=1; or for p, substituting its value VI — œ, we have dp= 72; and 
—o 


thence dé... d=—(1—’)*"wdwd.- The integral as regards p is from p=—1 to 
+1, or as regards » from 1 to —1; whence reversing the sign, the integral will be 


from œw =—1 to +1; and the required integral is thus 

af’ 2 (1— a> do dÈ s: ‘fax Ads ede, . 

DS T, skate Ja FP = efo + jete 
where | d% is the surface of the s-dimensional unit-sphere (see Annex I), = ye 
and for greater convenience transforming the second factor by writing therein w = cos 0, 

PA ae es a nie Mae TR 
the required integral is = PGs) multiplied by 
sin’ 0 dé 
= (f? — ef cos OF eta’ 

which last expression—including the factor 2f%, but without the factor ar —is the 


ring-integral discussed in the present Annex. It may be remarked that ne gee can 
be at once obtained in the particular case s=2, which belongs to tridimensional space : 
viz. we then have 

BNE hg sin 6 d0 
ý anf? (f? — 2«f cos 0 + ejt 


=, (F? — 2uf cos 0 + ey- 


a: yp \— 2g _ — 
= A AA T 
which agrees with a result given, Mécanique Céleste, Book xt. Chap. II. 


66. Consider next the prepotential of the uniform solid (s + 1)-dimensional sphere, 


v=f da... dzdw 
J (a= s+... +(e- z2} + (e— wy} ta’ 


the equation of the surface being æ? +... +22+w=f°; there are the two cases of an 
internal point «< f, and an external point x >f (a?+...+¢+¢=x? as before). 
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Transforming so that the coordinates of the attracted point are 0,..,0, «, the 
integral is 
dx ...dzdw 
od hee + 22+ (x — wa’ 


where the equation is still 2+...+2+w*=/*% Writing here «=r€,..,z2=r, where 
&+...40=1, we have dæ ...dz =r drd}, where d% is an element of surface of the 


s-dimensional unit-sphere #+...+¢?=1; the integral is therefore 


dr dZ dw _ 
{rè + (x — wyt 


: ds pe cece “5 ay = 


where, as regards r and w, the integration extends over the circle r?+w*=/% The 
2 (T47, 


value of the first factor (see Annex I.) is = Tis” writing y and æ in place of 


2 (P3)* 


r and w respectively, the integral is = “The multiplied by 


| yo dæ dy 
(@— KP i 


over the circle æ? +4y?=f?; viz. this last expression (without the factor Tae) is the 
disk-integral discussed in the present Annex. 


67. We find, for the value in regard to an internal point «<f, 
Tye 


V = = mf’ t+ f2?—«)t-7¢1-4 (t 2)-hs+q—-1 dt, 
CR a ee a 
which, in the particular case q =-— 4, is 


(sy 8+1 2 2\—43s— 
“Tass Tas- Marae — x) (t+ fyt dt; 


viz. the integral in ¢ is here 


á 2\— 2 2\—48s— Pd Ke 
= f easy e (t+ fy d, = 5 (G2 - renee 


SL ky T a aE 
e a A 


It may be added that, in regard to an external point «>f, the value is 


or we have 


EURED a EN 8+1 y 2 eY- —ġ— 2\—-48+q—-1 
eure e attr ee 


Ex, 46 
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which, in the same case q= -— +4, is 


Ale 
P (gs —4) 


where the ¢-integral is 


pom and Í a (t+ f? — 0°) (t+ f9- dt, 


842 K2. KO Kast 


aaa ji 2\)—4s—} __ K? 2\—43—3 os m pa á 
fopra A ie iT 4s—4 F84+47 4s—4.484+4’ 


and tha value of V is therefore 


i (Tyt fen 
Tarp eo 


i a i SA 2 d- d 
Recurring to the case of the internal point; then, writing V e ij ie ae huey Ty 


and observing that V (x*)=4(4s+ 4), we have 


arp 
VV=-—_——*"_:: 
I ($s — 3) 
fxs 3 
{in particular, for ordinary space s+1=3, or the value is a , =— 4, which is 
mT 


right). 
68. The integrals referred to as the ring-integral and the disk-integral arise also 
from the following integrals in two-dimensional space, viz. these are 


| ys AS | y® da dy 
(= ey tyje] (we ype 


in the first of which dS denotes an element of arc of the circle 2*+y*=/?, the 
integration being extended over the whole circumference, and in the second the 
integration extends over the circle æ? +y?=f?°; y is written for shortness instead of 
(ye), viz. this is considered as always positive, whether y is positive or negative; 
it is moreover assumed that s— 1 is zero or positive. 


Writing in the first integral æ =f cos 0, y = fsin 0, the value is 
(sin 0) dé 


SS" J= Bef cos 0 + emra 


viz. this represents the prepotential of the circumference of the circle, density varying 
as (sin @)*, in regard to a point c=x, y=0 in the plane of the circle; and similarly 
the second integral represents the prepotential of the circular disk, density of the 
element at the point (#, y)=y°, in regard to the same point =x, y=0; it being 
in each case assumed that the prepotential of an element of mass pdw at a point 


at distance d is = pit 
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69. In the case of the circumference, it is assumed that the attracted point is 
not on the circumference, « not =f; and the function under the integral sign, and 
therefore the integral itself, is in every case finite. In the case of the circle, if « 
be an interior point, then if 2g-—1 be =0 or positive, the element at the attracted 
point becomes infinite; but to avoid this we consider, not the potential of the whole 
circle, but the potential of the circle less an indefinitely small circle radius e having 
the attracted point for its centre; which being so, the element under the integral 
sign, and consequently the integral itself, remains finite. 


It is to be remarked that the two integrals are connected with each other; viz. 
the circle of the second integral being divided into rings by means of a system of 
circles concentric with the bounding circle æ? +y°= f°, then the prepotential of each 
ring or annulus is determined by an integral such as the first integral; or, analytically, 
writing in the second integral «=rcos@, y=rsin@, and therefore dedy=rdrdé@, the 


second integral is 
| dr (sin 0) d0 
pi (7? + K? — 2er cos 0)+2? 


viz. the integral in regard to @ is here the same function of r, « that the first 
integral is of f, æ; and the integration in regard to r is of course to be taken 
from r=0 to. r=f. But the ĝ-integral is not, in its original form, such a function 
of r as to render possible the integration in regard to r; and I, in fact, obtain the 
second integral by a different and in some respects a better process. 


70. Consider first the ring-integral which, writing therein as above x= fcos 6, 
y=fsin@, and multiplying by 2 in order that the integral, instead of being taken 
from 0 to 27, may be taken from 0 to m, becomes 


= 2f" | (sin 0) d@ 
fr (f? — 2«f cos 0 + r+’ 


Write cosf}Q0=Vax; then sin}0=V1—z, sin 0 = 2a} (1 — æ}; dô = -a> (1 -a)i da, 
cos 0 =— 1+2; 0=0 gives s=1, 0=r gives x=0, and the integral is 
= 2%- fs : an a — 2) da : 
o (S + x)? — 4nfaira 
9s—1 ne f oe (1 = gj de. 


SGre] (C-u ’ 


if for shortness See el , so that obviously u < 1. 


(«+f 


The integral in æ is here an integral belonging to the general form 


II (a, B, y, w) =| ec — gf (1 — ux)? da, 


viz. we have 
p X 9s-1 fe 
Ring-integral = f+ arm II (48, $8, $8 +g, u). 
46—2 
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71. The general function II (a, B, y, w) is 


II (a, B, ¥, w) = ey gy PM y, a+, u), 


or, what is the same thing, 


T 
F (a, B, Y, u) = rer ares II (a, y— a, B, u), 


and consequently transformable by means of various theorems for the transformation 
of the hypergeometric series, in particular, by the theorems 


F(a B, y, vu)=F(B, a, y; u), 
F(a, P, y, w= — u) F(y—a, y- RB, y, u); 


2 of 
1-1 =") , or, what is the same thing, Ghee ee then 


(1+ Vv)’ 
F(a, B, 28, u) = (1+ V0)" F (a, a—B+4, v). 


In verification, observe that if w=1 then also v=1, and that with these values, 
calculating each side by means of the formule 


_ Tyr (y—2-8) PTE POS y) 
F B n Dop aTa Ay TOL DeTer pany 


the resulting equation, F (a, B, 28, 1) = 2 F(a, a—B +4, B+4, 1), becomes 


T 28T (B-a) oa T (8 +4)T (28 —2a) 
r (28-a) r8 r (28-a) r (B—a+4)’ 


that is, 
F26 ae T (28 — 2a) 
BT (8+4) Nn(s—a)T(B—a+})’ 
beg its aM f PT4 i 
which is true, in virtue of the relation TePw+) = 22-1, 


72. The foregoing formule, and in particular the formula which I have written 
F(a, B, 28, uv) =(1+Vv)* F(a, a—B+4, 8+4, v), are taken from Kummer’s Memoir, 
“Ueber die hypergeometrische Reihe,” Crelle, t. xv. (1836), viz. the formula in question 
is, under a slightly different form, his formula (41), p.'76; the formula (43), p. 77, 
is intended to be equivalent thereto; but there is an error of transcription, 2a — 28 +1, 
in place of 8+ 4, which makes the formula (43) erroneous. 


It may be remarked as to the formule generally that, although very probably 
II (a, 8, y, u) may denote a proper function of u, whatever be the values of the indices 
(a, B, y), and the various transformation-theorems hold good accordingly (the T-function 
of a negative argument being interpreted in the usual manner by means of the 


< T (2+) &c.), yet that the function II (a, B, y, u), 


; 1 
equation Te = z F(1+2), = Or 
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; 1 
used as denoting the definite integral | a (1— a)" (1 —uax)-7 dx, has no meaning 
0 
except in the case where a and 8 are each of them positive. 


In what follows we obtain for the ring-integral and the disk-integral various 
expressions in terms of II-functions, which are afterwards transformed into t-integrals 
with a superior limit œ% and inferior limit 0, or «?—/*?; but for values of the 
variable index, q lying beyond certain limits, the indices a and 8, or one of them, 
of the II-function will become negative, viz. the integral represented by the II-function, 
or, what is the same thing, the ¢-integral, will cease to have a determinate value, 
and at the same time, or usually so, the argument or arguments of one or more of 
the T-functions will become negative. It is quite possible that in such cases the 
results are not without meaning, and that an interpretation for them might be found; 
but they have not any obvious interpretation, and we must in the first instance 
consider them as inapplicable, 


73. We require further properties of the II-functions. Starting with the foregoing 
equation 


F(a, B, 2B, u)=(14+V0)* F(a, a—B +4, B+h, v), 


each side may be expressed in a fourfold form :— 


F(a, B, 2B, u) (1+ %v)* F(a, a—B+4, B+}, v) 
=F (B, a, 28, u) =(1 +v F(a-ßB +4, a, B44, v) 
=(1— u- F(28—a, B, 2B, u) | = (1 +v (1—0) F(B—a+}, 28-4, B+}, v) 
=(1— u} F(a, 28—a, 28, u) | = (1 +40)" (1— v)! F(28—a, B-a+}, B+4, v), 


where, instead of (14+ Vvj*(1—v)¥~*, it is proper to write (1 + Vv)* (1— Vve- ; 
and then to each form applying the transformation 


| hy 
F(a B, y u) = igro g e 1-4 B, u), 


we have 
mro 28-4, B, u) 
= a Te au) 
= (1 —u)* pag rT E-a, a, B, u) 
=- ra T e B-a, 28 — a, u); 
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Š ia | T(R +$) 
=(1 +v} Tar (8-a+}) II (a, B—a+4, «—B +}, v) 
ui a P(B+4)1 
=(1+Vv) Pa-B+p)l Gena VOTEI 28 — a, a, v) 
y à T 
= (L+ Vay" (1 = Way r Ta I (8B —a + 3, a, 28 — a, v) 


T(8+4)_ 


=(1+ Vo" -N S nega Tas eed 


II (26 —a, a—B+4, B—a+}, 2). 


I select the second of the first four forms; equating it successively to each of the 


second four forms, and attending to the relation eg = 21% T}, we find 


TI (8, B, a, u) = (1 + Voy 2 re I (a, 8—a+}, a-B +4, v) 


rer$ > 


= (1 + Vv) 2-8 T (a-B8+pHr@OB-a) 


Il (a—- 8+4, 28 — a, a, v) 
3 : rer 
= (1+ vay (1 — vay 2-8 Ed Il (@—a+4, a, 28—a, v) 


rerh 
r (28-a) (- 8+4) 


= (1+ V0) (1 — Vve 21-98 II (28-4, a—B+4, B-att, v). 


Putting herein 8=4}s, «=}48+4q, the formule become 


TI (48, $s, $s +q, uv) =(1 + vwyt rE r I (4s+qg, 4—9, 4} HGV) oe (I.) 
s+ 1—8 r3s US 

=(1+ Vv) 272 MEETS ETER ate 38-9 3844, ») sie see (IL) 
T4s T4 


= qd + Vv) (1 = Vv 2 TG-*lrGst+q II (4 =U; 4s + q, $s —4q, v) soosoo (IIL) 


> \8 nj 91-8 TłsT} ; 
=(1 +v (1 — voy 2 PGs ol Grp 1G %ttht-%% NEES (IV.), 


where observe that on the right-hand side the I-functions in I. and IV. only differ 
by the sign of q, and so also the II-functions in II. and III. only differ by the sign 
of q. We hence have 


TGs 48, pe-p w= t ayn, ETE dea tte He o); 
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and comparing with (IV.), 


TGs, gs +g = (HEYS TGs, 4s 48-0 0) 


74. The foregoing formula, 


eae 2-1 fs 
Ring-integral = (f+ e TI (4s, 48, 48 + q, u), 


t oy ef oP gives, as well in the case of an exterior as an interior point, a 

mee series for the integral ;, 
4nf 

f F EE 


internal and an external point respectively. 


but this series proceeds according to the powers 


We may obtain more convenient formulæ applying to the cases of an 


75. For an internal point «<f, V1 Tu=, and therefore v =~ 


P 
H(je+9,4 —H4 +05) 


( t+ aed g gs TS 
NGs+glG- 9) 
(£ 
ARNE ae 


3w PRA ES LAS ee 
lG¢+9lGs—q 
LEEN (EE Rs 
CF) CF) raorir M(t -te+eie-a 57) 
gal EY (FERN og: TREN E 
ATIT) A racorgro lettet -95): 
where the I-functions on the right-hand side are respectively 


1 getq-1 (1 T pie dæ 2g+1 i peas 
a lh | o P-n "(fm x2) | 0 ig) Weed Tea NELA 


II (4s, $s, $s +q, u)= 


pu (s +H 38-4 s+ 5) 


= fern | 1 gt4 (1 eX wji- da 
es 0 (ft = eayerr ¥ 
1 gi} (1 — gjeta dæ 


= f s—2q i g = ea 


Fad q is pi 
=g- e ea f: ta- (t uri K) (t +f- dt 


p 


= peel, OP 


K) (t + fg dt 


1 gis—at1 (1 — æ)? de fn NS 
= + pS aE. - el ee ee = 48 q-1 —hs— 2 —} 
Fin a) (f? = eaey i 7 lees =a |, : (+f? — rti (6 + Ar niii. 
the t-forms being obtained by means of the transformation æ= eee viz. this 
— E-e 
gives 
“Te. f?— e nyt Af eE’) hs ( f?— x?) dt 
l-a t+ f?—K’ f eae = t+ f? — e ? (t+ f? — «)’ 


whence the results just written down. 
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We hence have 
ne T3s T4 
Ring-integral = Fe f e rds+QlG—-q Jo 


8 Tis T4 
-p raora òh mi fe G+ 


2 Tłs T4 a : 
= f Ta-gT Geta) | or (t +f? eyi (t+ f+ dt 
T4s T4 AN vye 
- S TE DTE |, YOS -efyd 
As a verification write æ = 0, the four integrals are 
naid pm PGS OT G—9) 
7 (t+ Fie Tay > 
eed _ pe NG + OE GE=Q) 
Gra OT TG. 
edt _ R, k LA aa.. 
| aarre PO p 
4 d-e dt 


oer (t+ Pa pyr (t+ F 2)—4-4 dt 


E de, Ee eg O 
o (Ef? jig Diget) ’? 
hence from each of them 
1 Tiry. 
Ring-integral = EITEAN e+ P 


which is, in fact, the value obtained from 
ieee ATA 4K 
Ring- integral = eer K+ 1 (4s, $s, $s + q, ar) 
on putting therein «=0; viz. the value is 
rages Í } i 2=T4s. Ths 
F A ge — x) = —  . 
y es 0 (1 æ) dx, f” T's . 


76. For an external point « >f, V1 -u= A and therefore vel p 


nass tery ya (T ae TT i tet -ag +t 5) 
=(=) + fysta 2 E A q ae ia Il (4 +4,48—g,$8+4 £ ) 
mi sty (Arz SrA ra aTa" (3 —% $s +g, $87% v5) 


ahs 


P) 


Etsy (g sA Tłs T4 
a igen A r tee Di +q4 -t 
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where the II-functions on the right hand are respectively 


no ERGE | malig [aer-aera 
sen re | cap At P-E (tfid, 
= pu [EA = a f 4 A 24 (t+ fe ea (t+ fy ete dt, 
a Pe | ega f. „e Pept dt 


We have then 


er oa el cited Cys TS y s+ 2 s+q—1 2)—4— 
Ring-integral ~ (2 — f lGs+glrG-o will) a(t +f — e} +q (t +f yt 4 dt 

cere. Nee! ok See i “nee ales 
“@-PTETOTERO lap” CTP Gr fyia 


f Ths T4 S 
E LETE Jap 
VA Ai Ths r4 i 
ENE. SEN AE ANGE RON be eee t-9(¢ fe — e)s- (¢ 2\q-4 i 
a T a leap a a at 
Observe that in II. and III. the integrals, except as to the limits, are the same 
as in the corresponding formulæ for the interior point. 


ta (t+ fe — ea (t+ f?)-#+9 dt 


If in the t-integrals we put ¢+«*—f? in place of ¢, and ultimately suppose x 
indefinitely large in comparison with f, they severally become 


o +9- dt ~ E (4s + PGs+q) I (4 — 1) 1 G-a) 


E (t + è — foya pote (t 4 ey dt = 


Pea E, TT 
a- d - 
Ís Gef yi wt ( +) 4 dt = it Gr aaa ea TEE 2 j 


t- dt a eee I - gC s+ q) 
Pgs+3)  ’ 


‘i pet PE Tae Kb + ater de b (t+ eh 


E aig fo _ [7 ertidt a PGe—oTG+a). 
r (¢+«?—f?)+ att q (t+ e) d= ò CETS aa ndi Ea 7 


and they all four give 


TIE mS Peeks 
Ring-integral = fs ‘Tds+4)’ 


which agrees with the value 


98-1 8 4K Qs—1 S 
(« appa (4s, $s, 48+ q, (x tay) A A I (8, $s, $s +q, 0), 
when F is indefinitely large. 


OM D 47 
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77. We come now to the disk-integral, 


Í ye dz dy 
(@—«p ype 


over the circle 2? +y=/f% Writing æ =x +p cos ġ, y=psing, we have dæ dy = p dp dọ, 
and the integral therefore is 


Í (Sees ie a dp dp 
where the integration in regard to p is ex, at once; viz. the integral is 
1 ! 
-5 | (P) sin $ dẹ; 
or multiplying by 2, in order that the integration may be taken only over the semi- 
circle, y= positive, this is 
1 | 1—29) oj 8-1 
= ——— sin dd, 
REETA AS $ do 
the term (p2) being taken between the proper limits. 


78. Consider first an interior point æ< f. As already mentioned, we exclude an 
indefinitely small circle radius e, and the limits for p are from p=e to p=its value at 


the circumference; viz. if here æ= fcos 0, y=fsin 0, then we have fcos 0 = x + pcos ¢, 
fsin 0 = psin gd, and consequently 


p= +f? — Af cos 0, 


EARTE EA Q, a a gane 
p Ve + f? — 2f cos 0” 


and the integral therefore is 
1 ( AETA 
Í 


=F -q ([e +f? — 2ef cos OA 


As regards the second term, this is ape | sin’ ddd, from ¢=0 to d=7; or, 


— e sin? $) dd. 


what is the same thing, we may multiply by 2 and take the integral from ¢=0 to $=5 , 
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Writing then sin ¢= Va, and consequently sin ġ dọ = $a! (1 — æy} dæ, the term is 


a T = ia the value of the disk-integral is 


tg TGs+4) 
_ Pop siwdp et Tey 
= $= q| EP — Bef cos FP J= 9g Tet 
But we have 
pice fare _fcos d—« 
sin $ a? cos $ p 
and thence 
\ face _I(f- «cos 0) dé. 
n AT. A gias (feos ð- r} ’ 
that is, 


d _f(f—«cos0)d6 _ f(f—«cos 6)dé 
PE tae ff? + x? — 2«f cos 0’ 


or, what is the same thing, 


Ẹ f? +x? —2xf cos 8 i 


the expression for the disk-integral is therefore 


TE cars a ea y 


ey er {f° + 1 — 2ufcos 0)" $-a T(4s+4) 
79. Writing as before cos 40=Va, sin}@=V1+z2, &c., and wa y this is 
PR a se MOR a ARE tt CAE 
= GDI easy TO debe) Gs de eho) — gee) 


As a verification, observe that, if «=0, each of the II-functions becomes 


ri T4s T4s 
—_ 48—1 — g) dy, = —~—*: 
| (1 — a) da, pee 
is Dy OE, PE Tiape oii serge) Daly. 
hence the whole first term is = ie we ae T viz. this is = ina Pasty and 
the complete value is 
e tae ys 1-29 __ ag 
Sree. 7 al 


vanishing, as it should do, if f= e. 


80. In the case of an exterior point «>f, the process is somewhat different; but 
the result is of a like form. We have 


Disk-integral = = | (p — p’~*2) sin’ $ dd, 
47—2 
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where p, refers to the point M’ and p to the point M. Attending first to the integral 
| pisin hdo, and writing as before fcos0= «+p cos ġ, fsin 0 =p sin ¢, this is 
sin 6 do 


“IN fiz + f? — 2f cos O}48*4 
fey [S0 0 (f2 — r) + (f? + re — 2f cos 6)} dO 
=4f | tiene 


the inferior and the superior limits being here the values of @ which correspond to the 
points N, A respectively, say 0+a, and @=0; hence, reversing the sign and inter- 


changing the two limits, the value of — | p' sin 0 dh is the above integral taken 


from 0 to a But similarly the value of + | pi“ sin 0 do is the same integral taken 


from a to m. For the two terms together, the value is the same integral from 0 to 7; 
viz. we thus find 


4 fe i sin’ @ {— (x? —f*) +(f? +e— 2f cos 6)} d ; 


$—q Jo (f? + x? — 27k cos 0)ès+a ; 


Disk-integral = 


or, writing as before cos$@=Va, &c., and u= y this is 


Qs—2 fe 


oie 4 ae o 
~G- Det See) PEST EGS 28 8+q w+ Gs, $8, js+q-D}. 


81. As a verification, suppose that «æ is indefinitely large: we must recur to the 
last preceding formula; the value is thus 


fs " sin 0 (- cos 0 + £) 
Gg) em i “(1= eos) 


K 


dé; 


viz. this is 


J: [sin 6 f- cos 0 + [1 — (s + 2q) cos? 0] £l dé, 


Tg PT J, 
where the integral of the first term vanishes; the value is thus 
s+ 


= anaes ee 0 [1 — (s + 2q) cos? 0] dé, 
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where we may multiply by 2 and take the integral from 0 to 3 . Writing then 


sin @= Vz, the value is 
Me i 
-ge 
where the integral is 


VES alt f- teth UE A S og 
L ($s +4) ks+3 J’  Ths+h ist 


and hence the value is 


$ a= {1 — (s+ 2q) (1—2)} (1 — ayè de, 


pagers Cis Thel 
ea Ts + 8) ? 


viz. this is = 


E | y*— da dy, over the circle ##+y?=/?, as is easily verified. 


82. Reverting to the interior point « <f, 
Disk-integral 
ae dea en Tyr}. 
~ ($= g) («+ fer t—qT(4s+4)’ 
then reducing the expression in { } by the transformations for II (4s, 4s, 4s+q, u) 


and the like transformations for II (4s, $s, $s+q—1, u), the term in { } may be ex- 
pressed in the four forms :— 


Darg Ofte wnultiplied by 


Tigst+ gl G—-q i 


eee Gs 4s, 4s +g, uw) +I (bs, $s, $8+q—-1, wh} 


1-8 


(1 ~) (48+9, 4-4 ito n) eo (4849-1, $-G% —$+4, AE 
i re a multiplied by 

Ta E 

CETE EET] 
Me eT a multiplied by 


[z (1-0 t+ tea) tU- P) Feng (beat eas P): 
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83. The first and the fourth of these are susceptible of a reduction which does not 
appear to be applicable to the second and the third. Consider in general the function 


(1—v) (a, 8, 1-8, +“ N (2-1, 8+1, —, 0); 


the second II-function is here 
1 
f| (0.1 w) de; 
0 
viz. this is 
Pa ays fT a , MN rE ; 
= ae æ. 1— ve) afe Ja 72- 1v’ da, 


or, since the first term vanishes between the limits, this is 


eal, a. (1 — g. 1— vsp (1 + v— wer) dz, 


A B+) 0, B, T=, -2f a (1 — a. 1 — vrf da}. 
si 0 
Hence the two II-functions together are 


1 1 
=(1 -v+1+0) | aa (1w, 1— vs} de — 2 | vg. a (1 — æ. 1 — vef dz, 
0 0 


=2 [on (1—a# (1 — vY da, 
0 
that is, 
(1 —»v) II (a, B, l1- B, 


We have therefore 
łs+q-1 aie, Se Uh K 
(1-A) T (isto 1-g tta p) +N (ts+g-1, -g -+g A) 
=M (b+ 9, 4-9. -4+0 f): 
and from the same equation, written in the form 
T (a—1, 8+1, —£, B, v) ira pe y —v)H (a, 8, 1-8, v)= Bn =. ju B, — B, v), 


we obtain 


I(}s-4, 4+ }- p &)+ze era -a)i (4s- q+, Pre, f- o) 


-Cidg (łs-q+1, -4+4 +2. 5). 


84. Hence the terms in [ ] in the first and the fourth expressions in No. 82 are 


__ THT} (feet M 
“TqergrG=o Pom (+e ba ita a): 


a" (— $ +g). Dhs Th (f+ A S N (§s-q+1, -4+4 4-9 a) 


1, 8+1, — 8, v)=2IT(a, B, — B, v). 


 Thłs-g+1I)T (4+9) In 
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respectively ; the corresponding values of the disk-integral are 
i Ts T4 z ey K #2 E 
ra orap i ilete to -t+e 5) F-a TGs +p 
—~TheT} fè ey = i ey em Thsr} 
faa oe F Jy N (4s eta a 2 am @ p $-—qT (48+ 4)’ 


which we may again verify by writing therein «=0, viz. the II-functions thus become 


T(js+q)-TG-@ „q PGs-g+ VE 449) 
r ($s +3) L (3s +3) 
and consequently the integral is 


eee NS Ts T4 1—2 — 72 
oa nE e e \ 


85. But the forms nevertheless belong to a system of four. In the formule 


I (a, B, Y, v) 


Targ 
AE A E e tee 8 
=(1 — vY IT (8, a, a+B—y, v) 
Ta r8 


SUT Reso FRE, Ma Oi 


writing a=}s+q, B=}$-—q, y=—4+4 we deduce 
(¢s+9, 3-9, -44g 9) 


C(js+g) 0 G—-9) 
Fes+prds—gth) Ft g, $8—q+1, 48+ 9) 


a re) ed I (} =q, $8+q, $s—q+1, v) 


w Eet pT a-g) 
= (1 — v) SS I (48-9 +1, — , 0); 
Sieh wer rc rarest ese Sanaa t+ 4-9 
and the last-mentioned values of the disk-integral may thus-be written in the four 


forms: 
Tłs T4 
re-gGs+q) 


-T4s T} ee A 
raora gry” M(-tte bath tore 


“RG (S-F) (t-g +g te-g41, 
( 


FES I (4s+¢, $-q, -4 +q, 5) — term in e, 


— 


” > 


F) 


m » , 


T@-olGs+9) 7) 


—T4s T4 s ny * x 
rasarde seh 7) Poth ere k— ay ae eae 
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and since the last of these is in fact the second of the original forms, it is clear 
that, if instead of the first we had taken the second of the original forms, we should 
have obtained again the same TENA of four forms. 


86. Writing as before e= -7f &e, the forms are 
aiar o fe BH bf ey (t+ fye dé — term in 6, 
naie e waa cape ac 
icare t [en p-e Cpe n, 
TEIE [eno gi a 


87. The third of these possesses a remarkable property. Write mf instead of f, 
and at the same time change ¢ into m%: the integral becomes 


Its r4 8+1 2 2) — ,2)}—g+4 2\—4s-+q—1 = 
rg Se eee tiie le (me (t + f3) — ejr (t + fey + dt — term in e; 

iti of òf i 

and hence, writing mf =f+ 8f or melt, and therefore m =1 +2 F the value is 
ETE pra ra i ri yr a 3 .(¢+ Ff? a—1 dt — term 1m e. 
TG-gl Geto” I, nA ii f (¢+f*) (¢+/°) e € 


Hence the term in òf is 


= 2-94) Fg se | reap er epad, 


= 6f into expression FE ET f° [een (tfe (t +f dt, 


where the factor which multiplies 8f is, as it should be, the ring-integral; it in fact 
agrees with one of the expressions previously obtained for this integral. 


88. Similarly for an exterior point æ >f; starting in like manner from, Disk- 
integral 


ie: bas t-f - 
“Tae ep pus ts, $s +q, u) +I (4s, 38, 8+q—-1, wh, 


and reducing in like manner, the term in { } may be expressed in the four forms 


his ig eae (c+fyre 
2 T ( ist+glG_-® ea multiplied by 


| -(1-4) (3+4 4- -g 4+0 E) + ara (je+9-1, 8-9 ~4+04)|. 
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re (et fer 
¢+qds—q) et 


eaea aiee Si erster eA] 


[j-n (4-4, 8+9, ho pe I (3-4 38+, 48-9 A) 


multiplied by 


ms ys r} ctf 
a aar | 


|- n (4-4 r+ t-9,4)+(1- £) qt H(js—g+1, = sheer ZAE 


89. For the reduction of the first and the fourth of these, we have to consider 


q+ 
Sia multiplied by 


—(1-»)1(@ 8, 1-8, 1, 8+1, —8; 0); 


a— l 
NG 8 
viz. this is 


1 1 
(—1l1+v+1 +o) f (1 — w. 1- w- de —2 | væ. a (1 — g. 1 — vef da, 
Jo 
1 
= 20 | a (1 —g)(1— g. 1— vs dz, 
0 


= w II (a, B+1, —B+1, v); 
that is, 


=(1—v) I(«, y 1@+1, B+1, -8, v)= 2 (@, 8+1, —8+], A 


I repeat, for comparison, the foregoing equation 


1, 8+1, —£, v)= 21 (a, B, — B, v); 


a— l 
B 
by adding and subtracting these we obtain two new formule; for reduction of the 

fourth formula, the equation may be written 


+ (1 —v) I (a, B, 1—£, v) 


-(a-1, 8+1, -8, )+ (1-1) 2 (a & 1-8, )=-2 F ol, 841-8 +1, 0). 
90. But it is sufficient to consider the first formula; the term in [ ] is 


and the corresponding value of the disk-integral is 


Tis Th fe ( ái be 
“Prpa A Misto $9 ttg a). 
©. Ex. 48 
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which we may again verify by taking therein « indefinitely large; viz. the value is 

Bee's 2 Bae seit 
then =Pas+§) or 
of which are 


as above. It is the first of a system of four forms, the others 


r4s T4 pm # i 
“Ta+ql Gs—-qt+) 8+2 (s+9, $8 q+, 48+, E), 
a Ths T4 F shit PE ii Mai P Si f? 
~~ Padst+qglG-g) et (1- a 1 (3 ii a 


T4 s T4 a a E” 
K? 


: Ve 
-rpa ia wale) M(ie- 9+) a+0 8-9 3). 


SA tf? e 
And hence, writing as before æ = —~ ; , &c., the four values are 


“PEATE ae el a eR tiene pa 
=raap hee pe ep tp dt, 
BE ET F a Pi ETI ATAT TE wre di, 
E E E R 


where we may in the integrals write t+x°—f° in place of t, making the limits œ, 0; 
but the actual form is preferable. 


91. In the third form, for f write mf, at the same time changing ¢ into mt; 
the new value of the disk-integral is 


Ths T4 
=r rG- p es 


m fmt (b+ f°) = EJE (tf isto de, 


Writing here mf=f+ òf, that is, m= se m = 149 , and observing that, if 


—q+4 be positive, the factor {m?(t+f2)—.<}-7? vanishes for the value i= - f? at 
the lower limit, we see that on this supposition, — g +4 positive, the value is 
ys Th aji R l 2òf —a+h 
woe 9-4 a eC 2 EMODE 
= rae oT Gel apn hae F E erfm ae; 
viz. the term in ôf is =ôf multiplied by the expression 
TisT4 


2 (4- q) Gto Gg" nf t-o (t +f? = «?)-9-4 (t +f?) (t + foyeto dt, 
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that is, multiplied by 


ee. eee 8 f i 2 erT 2\—4hs+ 
VEENIS a ARE AY TAL) TS, 


which is in fact =f multiplied by the value of the ring-integral. 


92. Comparing for the cases of an interior point «<f and an exterior point 
«>f, the four expressions for the disk-integral, it will be noticed that only the third 
expressions correspond precisely to each other; viz. these are: interior point, æ< f; the 
value is 

pie. is eee e- Dos Ths 

Pis+glG-q tg T (4s+q)’ 


where, if 4—q be positive (which is, in fact, a necessary condition in order to the 
applicability of the formula), the term in e vanishes, and may therefore be omitted: 
and exterior point, œ >f; the value is 


nm Tis T4 
Vigst+glG—g) 
differing only from the preceding one in the inferior limit «*—f? in place of 0 of 


the integral We have 4—q positive, and also 4s+q positive; viz. q may have any 
value diminishing from 4 to —4s, the extreme values not admissible. 


ye | trit (t +f? 2 Keyat (t + fey tma dt = 
0 


a eee a feeds, 


ANNEX IV. Examples of Theorem A. Art. Nos. 93 to 112. 


93. It is remarked in the text that, in the examples which relate to the s-coordinal 
sphere and ellipsoid respectively, we have a quantity 0, a function of the coordinates 
(a,..,¢, e) of the attracted point; viz. in the case of the sphere, writing @+...+0C°=x’, 


we have 
K? e 


ET o~ 


in the case of the ellipsoid, we have 


1 


a? Cc e 
Foe a t r a Sa 
the equations having in each case a positive root which is called 0. The properties 


of the equation are the same in each case; but for the sphere, the equation being 
a quadric one, can be solved. The equation in fact is 


-0 (e+ e-f’) ef =O, 
and the positive root is therefore 
O=4 le +e- f HNE e- fY + tef’). 


Suppose e to diminish gradually and become =0; for an exterior point, x >f, the 
value of the radical is =x°—f?, and we have 0=:x°— f°; for an interior point, «< f, 
48—2 
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the value of the radical, supposing e only indefinitely small, is =f?— x? eer e, and 
7+ ie ; 
we have 0=}e(1 es j) IT a> T, what is the same thing, = =(1 -Aj viz 


the positive root of the equation continually diminishes with e, and becomes ultimately 
= 0. 


If « or e be indefinitely large, then the radical may be taken =e?+x*, and we 
have @ indefinitely large, =e + x’, 
94. The result is similar for the general equation 
a Ce e 
fire tiesto 
the left-hand side is =0 for 0 = %, and (as @ decreases) continually increases, becoming 
infinite for @=0; there is consequently a single positive value of @ for which the 


value is =1; viz. the equation has a single positive root, and @ is taken to denote 
this root. 


sl; 


In the last-mentioned equation, let e gradually diminish and become =0; then 
for an exterior point, viz. if 


Ce 
ate +5 ces the equation mag + +» tie 


has (as is at once seen) a single positive root, and @ becomes equal to the positive 
2 

root of this equation; but for an interior point, or At in +o 

written down has no positive root, and @ becomes =0, that is, the positive root of 

the original equation continually diminishes with e, and for e=0 becomes ultimately 


2 2 
=0; its value for e small is, in fact, given by z=( a a Also a,..,¢, € 


<1, the equation just 


0 h 
(or any of them) indefinitely large, @ is indefinitely large, =a? + ... + C +e. 


95. We have an interesting geometrical illustration in the case s+1=2; @ is 
here determined by the equation 
E al e a E E 
PET AET AE tas 
2 
viz. @ is the squared z-semiaxis of the ellipsoid, confocal with the conic ate 1, 
which passes through the point (a, b, e) Taking e=0, the point in question, if 
2 
Bt >l, is a point in the plane of æy, outside the ellipse, and we have through 
the point a proper confocal ellipsoid, whose squared z-semiaxis does not vanish; but 
2 2 
if 7 +#< 1, then the point is within the ellipse, and the only confocal ellipsoid 


through the point is the indefinitely thin ellipsoid, squared semiaxes (f%, g°, 0), which 
in fact coincides with the ellipse. 
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96. The positive root 0 of the equation 

Fh: a Ea 

eo TREE ue 

has certain properties which connect themselves with the function 
8, =O {(0 + f”)... (0 + h>. 


We have, the accents denoting differentiations in regard to @, 


Feit = a 


dO _ 2 o pl % 
a Tp» GaP OF 
where 
2 
ee NAE ee a 
Propet tap opt Bw 
and we have the like formule for .., a e. 
de’ de 
We deduce 
einen! M de c dé edd 2 a ce e 
TEP dat +040 t de T Ottar at = 


and to this we may join, 7 being arbitrary, 


R cee A we c do e dé 2 a 
EET oe eager Tin e T AF 


e 


A EITT a 0.045 


Again, defining V,@ and 0 as immediately appears, we. have 


dé\? dé\? I 
S7. 0, = (a) een = — 7 Hi 4 X 
1 da + +(5) > PM, RE 
and passing to the second differential coefficients, we have 
dO 2 8a? 4a” 
da Se hs VA T ON 


where 


Simin a e e : 
oust tea + Bit 


do do - 
and the like formule for .., de’ dé Joining to these aut i 
dO dO dO 2g4+1 
p =| 4 pepe 4 22+ 1 de 
08, = (att gat get ame 
-LE 1i pt +(2g+1) 
J IFP ttgr tee 


8 Ps 4J” . 
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we obtain 
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where the last two terms destroy each other; observing that we have 
An : aj. 5 ee 
o-—tlagptteamt a L 

the result is 


ited: __ 40 


J @ ~ JO" 
. ¢ 
Ogee 2 
97. First example. «*=a?+...+ 0, and @ the positive root of Pan ate =], 
V is assumed = | ta (¢ + f?)-# dt, where q+ 1 is positive. 
0 

I do not work the example out; it corresponds step by step with, and is hardly 

more simple than, the next example, which relates to the ellipsoid. The result is 


p=0, if a&+...+a>f%, 


DGs+ 9) paa St te! ; 2c f?: 
optan ae eat a 


| ę — Eate) do... ae 
{ 


(a= 8} +... +(e 2) + ept? 


hence the integral 


taken over the sphere bbe = f?, 
(3) T (q+1) iP Eeh aje 
Tra li (t + f2)-* dt. 


2 


98. Second example. @ the positive root of ae ate +t a S= 1; q+1 


positive. 


Consider here the function 
enh ta- (t +2)... (E+ WJ dt; 


this satisfies the prepotential equation. We have in fact 


dV__ gd BV odo (dA: 
hn Oe Tatra e' (5 


; ; ; dV æv 
with the like expressions for ..., ere ae also 


2g+1dV__ 4% +140 


e de ede’ 


Hence 
ürv=-000-0 V0, 
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or, substituting for 06 and V,@ their values, this is 


40’ ; 
=-0(- f6) - 2-4, =0. 
Moreover V does not become infinite for any values of (a,..,c, e) e not =0; 
and it vanishes for points at œ. And not only so, but for indefinitely large values 
of any of the coordinates (a,..,c¢, e) it reduces itself to a numerical multiple of 
(a? +... +c?+¢*)-#+2; in fact, in this case @ is indefinitely large, =a? +... + e+e. 
Consequently throughout the integral, ¢ is indefinitely large, and we may therefore write 

V= l “Pr, t dt, sae ac (t--9)", = ae 0-5-9 

Lo ast ae ES 

that is, 


en 24 @2)-h-9, 
“Tan +... +07?+ é) 
The conditions of the theorem are thus satisfied, and we have for p either of 
the formule 
_ TV ($8+9) (29 -T (48+ q) dW 
~ (CFT apts apre" DoR 
in the former of them q must be positive; in the latter it is sufficient if q+1 be 
positive. 


99. We have W the same function of (x,..,2, e) that V is of (a,..,¢, e); viz. 
writing à for the positive root of 


the value of W is 
io 3 to (+S?) (E+) dt. 


Considering the formula which involves e3 W,—first, if a hes. Ae > 1, then, when 


h? 
e is =0 the value of à is not =0; the integral W is therefore finite = indefinitely 
large), and we have e1 W=0, whndagueitly p=0. 


But if % Fest =el, 1, then, when e is indefinitely small à is also indefinitely 


f? 
ll; PEE SAE Bok E she RARR \W a 
small; viz. we then have 5 = =F —..—75; the value o is 
w=. ne fe to- dt, = (fo hA, 
A 


and hence 


TGst+qg1 5s  aeeRg) ee ey 
P= Gaye TORA Ahere AA (1 ae aR 
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100. Again, using the formula which involves (em m, we have here aV_ gio 
: de de de’ 

or substituting for @ and T their values and multiplying by e+, we find 


aiT ont p10 
ai Beall gua a? Ce el- ; . 
| = Cie) ae ee: (0 +f?) ... (0 + N=, 
and therefore 
dW a? 2? e |- 
q+ Abitat = + onus ps i Se hil 2 = 
oi eee | pat tat S| A +f?) ... (A + h?)} 4. 
H $e : ` æ 2 ‘ 
ence, writing e=0: first, for an exterior point or fate tie? 1, A is not =0, 
and the expression jigo in ieia of the factor ¢%+*, whence also p=0; next, 


1 a 2 
ate +2 <1, A is =0, hence also anih- a-i) 


is infinite ; neglecting in comparison with it the other terms eo Eh ..., the value is 


(f? +r) 
2(5) (f-. hy, =2 (1-5 -5 -a E) G, 


for an interior point or 


and we have, as before, 


l'(4s+q) WE SE o ae 
P= ayy T@+ DY” ar Ane p) 


101. Hence in the formula 
v={ pdx... dz 
| (a-ayP t+... +(e- ZF + e+ 
= | = +f). E +de, 


p has the value just found, or, what is the same thing, we have 
a 22\9 
| Car ES js) dx... dz 
{((a—#P+...+(¢— 2} + ejt? 


2 
taken over ellipsoid Z i +5 = 1, 


Pt 


_ (Sy T(¢+1) w io 
=P of, I(t +f)... (t+ A) dt. 
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102. We may in this result write e=0. There are iad cases, according as the 


attracted point is exterior or interior: if it is exterior, ee rs: j an 1, 0 will denote 


p 
the positive root of the equation P = pnts: +a Rag a” l; if it be interior, F ans + -4 E 
0 will be =0; and we thus have 


[e H- a) de ..de 


| (a= a} +... +(e — 29 


as by f: t0- ((t + f°)... (€+) dt, for exterior point & +... + A>: 


(s+ q) 7 


= Cae ae i D t-m ((t +f?) ... (t+ h} dt, for interior point F u. wt G<l 


but as regards the value for an interior point it is to be observed that, unless q be 
negative (between 0 and — 1, since 1+q is positive by hypothesis), the two sides of 
the equation will be each of them infinite. 


103. Third example. We assume here 
Faj dem 
o 
where 
E IR E E a 
fitt O Pri t’ 
T= (t +f)... (t +h) 


as before, @ is the positive root of the equation 


T=1- 


a c? e 
ei meg EASE T a pt” 


and 4s+q is positive in order that the integral may be finite; also m is positive. 


104. In order to show that V satisfies the prepotential equation OV=0, I shall, 
in the first place, consider the more ee expression, 


V= ae eT, 
6+ 


where ņ is a constant positive quantity which will be ultimately put =0. The 
functions previously called J and © will be written J, and ©, and J, © will now 


denote 
a? g e 


O+n+f? O O+nt+h Oty’ 
O, = (0+0) (Ot nt+f%)... (0+ n +) 


J, =1- 


49 
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whence also, subtracting from J the evanescent function J,, we have 


v= UL g a t tarpa tees.) 
SCRE ETTA “"O4h.04n4+hR 0.0+n)’ 


say this is 
J=nP; 
and we have thence, by former equations and in the present notation, 
OA ee RL ae 
6+4+f? da’ *O0+n+h de O+nde J,’ 
4 
VS i 
— 40,’ 
OO = JO, 
In virtue of the equation which determines 0, we have 
dV _ ij m—1 — 2a eV _ x: ‘m—1 tli. = m—2 4a” l 
Tf üa aT | wa” {mz Fat mn DP oa T 
a ‘yo RS. 
a a E 
and thence mee — 2a dé 
Pe ai PREF aa 
@ en [GOV 
-ga "®) (Za) 
m do . 
-J O Taa’ 
a? . GV &V 
with like expressions for .., de’ de’ Also 
ag +1 av [5 perc Sg ETT gy A. 
¢ de Jor» t e de 
and hence 
= fef r ty. a g 
ov= a| 2m I re a ete |r 


me. a é e) 
+m(m—1) TI 1 t+ apt HF 


er a dé c dð e dô 
Floe 6 i pe E 


- ag") {(ze) +: + (Ze) + Ge] 


na (U9 dO dO 2q+1 dd 
=O (Gato Gat as hee 
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105. Writing J’, 7” for the first derived coefficients of J, T' in regard to t, we have 


fico ae e BEIA 7 1 Qq+2 
Y= rr tate Ta Hapte tapt g). 


The integral is therefore 


wW 


Í dt fam pm paii A T a arr, 
8+n 4 
=f, dt {4m I" T + 4m (m — 1) "= TT}, 

+7 


= n d mY 
[ae 4m 5.0 T); 
viz. I" T vanishing for t=, this is 
=— 4m J" @, 
Hence, writing (J™@) instead of = (J ©), we have 
OV = -— 4m J" © 


+ 4m Jn 0 ( pe her ii o A 


syna da tO4n+f% de Fn de 
—(J" ƏY 7,0 
—J"@08; 


OT = — 4m J” @ 


viz. this is 


m—l mars 
+8m JOA. T; 
-4 (may L 
A 
B. 
aX ®, ’ 
or, writing mJ” J'® + J’ instead of (JO), this is 


+4J™ © 


a ae 4m J” 0 


; Ai 
a (J —2P F J) F J/®, (© ©, E 00, ). 


We have here 


, 2 1 2 1 1 2 1 
J’-2P+J= = Lo yee Be 
as eres Orn O oat ET, OM 


E ON EEL AEA 3 FO 
i le FIPO O TOF OFA & Cra 
= 7° Q, suppose. 


Also ©’®, — OO; contains the factor 7, is =nM suppose. 
49—2 
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106. Substituting for J, J’-2P+J, and 0’0,—60,' their values nP, nQ, and 
nM, the whole result contains the factor »”*!, viz. we have 


dot Pm— / PM 

V=- ;—— (QO + — }. 

P y (0+5) 
If here, except in the term 7+, we write ņn=0, we have 

a g ae 

P= appt toy mp E =J), 
a Cc? e t 

l= Eytt Opt oe =h ’ 


M = 8,8,” — @,"; 
the formula becomes 


OV == 4q Jn? hs”o, rR (o i a) 
0 


or (instead of Jj, ©.) using now J, © in their original significations 


a? Ce e? 


= Soi ar ee = 6-a =} 
Fp a a Aai a A i 


this is 
/2 
D V=- E Yidis J'me "0 + A (0” a S) } 
or, what is the same thing, 


= — 4" J fi” re (5) | ; 


viz. the expression in { } is 
a? E e 
mattata 


B EE p ot lle h rae area ee 
O+pyt ETAT a Orme ee |: 
We thus see that, 7 being infinitesimal, (JV is infinitesimal of the order 7”; and 


hence, n being =0, we have 
OV=0; 


viz. the prepotential equation is satisfied by the value 
V=| diz, 
0 
where m+ 1 is positive. 


107. We have consequently a value of p corresponding to the foregoing value 
of V; and this value is 


M r (4s +q) dW 
ye 2a#T (q+ MGi ra 
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where, writing à for the positive root of 


reana vcfe Leg 
r+? eS) «ey ents 
we have 
Nad a 2 em 
w=ja( “EE Fe) POET)... Cea, 
we thence obtain 
aw -fP 2me a? 2 ee 
de), aeRO E) OOS). GI 
a 2 eym 
Gace airy eed n EAEAN A TE: 
or, multiplying by e+ and substituting for h its value 
2e 
A 


OE AA S Ai 


we have 
AW S 2meæ1+? a 2 eN\m+ 
eat - =f G:a qt (1 - eee --,-5) {(é+ f?) PIO (t + h?)}-4 
2602+32 
ete 1 ae 2 e m r 
er iat -EFF NERS) (4S). 0409, 
a+fet AHP N 


where the second term, although containing ‘the evanescent factor 
1 ied Vid e m 
Uer aE a A 
is for the present retained, 
108. I attend to the second term. 


2 2 
1°. Suppose Fatet p> l; then, as e diminishes and becomes =0, à does not 


become zero, but it becomes the positive root of the equation 


æ 2 
1 KEW T o E Newt 


hence the term, containing as well the evanescent factor e%+? as the other evanescent 


a 2 a cee 
factor (- GA expat , is =0. 
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2°. Suppose “ pt +5 er l; then, as e diminishes to zero, à tends to become =0, 
b fini d l # h * oo fini 1 j 4 oa 
ut > is finite and = la whence 5, is indefinitely large; and since 
Peewee Pasa ae becomes e which is finite, the denominator ma 
AESF OFT Tee D i 
be reduced to £, and the term therefore is 
ey a 2 Z er i ; 
TEE] Er ees im be PE e BE E 1-4 
2(5) (1 Ney 5 (ASY... (Ath, 
4 ETE. 1 HA G A, s DETRE a A G -i 
=-2(1 F see) (1 oar hae 5) (foe Bs 
which, the other factor being finite, vanishes in virtue of the evanescent factor 
(1 Ae =)" 
+f" >. NEMA 


Hence the second term always vanishes, and we have (e being =0) 


dW S 2mea+2 a 22 em 
V eati ee ee ae OO Ss a E 2 =} 
el Te fa ar ( fpr Tee =) ESD... (6+ A. 


109. Considering first the case at +5 sf 1: then, as e diminishes to zero, A 
does not become =0; the integral contains no infinite element, and it consequently 
vanishes in virtue of the factor 2+, 


But if F +... +5<1, 1, then, introducing. instead of ¢ the new variable £, =<, that 
is, =F , d= = and writing for shortness 
x? 2 
gears Lin BP a: 
4 4 


the term becomes 
-Jamamosi 


where, as regards the limits, corresponding to t=% we have €=0, and corresponding 
to t=) we have & the positive root of R—£&=0. But e is indefinitely small; except 
for indefinitely small values of £, we have 


Rx 1-5 - =, and (+$) a TA 
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and if ¢ be indefinitely small, then, whether we take the accurate or the reduced 
expressions, the elements are finite, and the corresponding portion of the integral is 
indefinitely small. We may consequently reduce as above; viz. writing now 


2 


Rett 5 -a> 


the formula is 


em TE = f’ dg. m (R— EEF. 
a eo dé. E (R — E>; 
1 
or writing é= Ru, the integral becomes = Ritm | du.u?(1— uy", which is 
0 


Tl +Q) T (m) Rim. 
r(1+q+m) 


that is, we have 
aW TA +g)T (+m) 


E ET A TEL E n) 


and consequently 


['($s+q) sof... prt EFOTT + m) pom 


P=2 (Tey l 0 +49) P(1+q+m) 
that is, 
> iF Gs+QPA+™) posm 
p= Cyr dtgtm) 
viz. p has this value for values of (#,..,2) such that Ft... +5; EG 1, but is =0 if 
Ae ii 75s | 
Prat 


110. Multiplying by a constant factor so as to reduce p to the value Ri”, the 
final result is that the integral 


vf (1-F--.-R) de... de 
dL 


(a—aP+...4¢(c—2 +... + e+? 


the limits being given by the equation 


x 
ate +5 =], 

is equal to 

rgyld+q+m) y ge A eile eee ee ale nik 

o a aed [Ait liz epee: pap) (ets) b+ eA 
where @ is the positive root of 

a Cc e 
[ap T A oO 
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fiie e. Fendi da... dz 


In particular, if e=0, or 


there are two cases: 


exterior, = +... a> @ is positive root of 1-5 -...-G=0, 


Bt T 


interior, atts +55 ode 1, 6 vanishes, viz. the limits in the integral are 0, 0; 
q must be negative, 1+q positive as before, in order that the f-integral may not be 
infinite in regard to the element t=0. 


It is assumed in the proof that m and 1+q are each of them positive; but, 
as appears by the second example, the theorem is true for the extreme value m=0; 
it does not, however, appear that the proof can be extended to include the extreme 
value g=--l. The formula seems, however, to hold good for values of m, q beyond 
the foregoing limits; and it would seem that the only necessary conditions are $s + q, 
1+m, and 1+q+m, each of them positive. The theorem is, in fact, a particular case 
of the following one, proved Annex X. No. 162, viz. 


Terie -7) de.. dz 
hes CAR eran 


taken over the ellipsoid at =1, is equal to 


(Ty (f... h) -1 2 2 = ‘ 2 o = g 
re al dtt {(t + f°)... (t+ h2)} (1-0) af ae $ {o +(1—o) a} dx, 


a? c? e f 
Frit aka tii + F $ assumıng pu = (1 — um, we have 


{o + (1—o)a}=(1 — o)” (1 — e), 


where o denotes 


and the theorem is thus proved. 


111. Particular cases: m=0; 


ie Ao -;;) de.. . dz _ (TH P+ 9) Ta a- i(t x kadais 
[(a— s+.. +(e- zF +e -PEED w, tta (t+?) ...(E+h)} 


Cor. In a somewhat similar manner it may be shown that 


1-5 -...-f) ede di ; BAL ar My 
: k? r4 r (1 +g) ee 2 i 
Ae er Es: npra sg irk ETa a aes 


www.rcin.org.pl 


607 | A MEMOIR ON PREPOTENTIALS. 393 


Multiplying the first by æ and subtracting it from the second,.we have 


Oo r TTA) 
a y eyrar RED p.. fi de tes). ea 


or, writing q+ 1 for q, this is 


a qt 
eral aa mi ae SPO yf ant 
CEEDED “ap 


and we have similar formule with .., (¢—z), e, instead of (a — s), in the numerator, 


tT {t+ f’)... (t+) 


112. If m=1, we have 


| (1 -5 vfs -ZN de ds 


\(a—aP+...+(e—z) + ejst 


8 2 
= OP ee. af at {1 - =e -n-p Fee +f)... (E+), 
which, differentiated in respect to a, gives the (a—«)-formula; hence conversely, 
assuming the a—«#,..,c—42, e-formule, we obtain by integration the last preceding 
formula to a constant près, viz. we thereby obtain the multiple integral = C + right- 
hand function, where C is independent of (a,.., c, e); by taking these all infinite, and 
observing that then 0 = a, the two integrals each vanish, and we obtain C =0. 


In particular, when s=3, g=—1, then 
da dy dz i b? e 
a ESS PAR ly es ra ay, 
EET E mfgh A dt fı TA t+g tF te +f%t+9.t+h?*) 


which, putting therein e=0, gives the potential of an ellipsoid for the cases of an 
exterior point and an interior point respectively. 


ANNEX V. GREEN’S Integration of the Prepotential Equation 


d? d d wrid 
(Gate hat dat e de 


Jr- 0. Art. Nos. 113 to 128. 


113. In the present Annex, I in part reproduce Green’s process for the integration 
of this equation by means of a series of functions, which are analogous to Laplace’s 
Functions and may be termed “Greenians” (see his Memoir on the Attraction of 
Ellipsoids, referred to above, p. 320); each such function gives rise to a Prepotential 
Integral. 

Green shows, by a complicated and difficult piece of general reasoning, that there 
exist solutions of the form V=@d¢ (see post, No. 116), where ¢ is a function of the 

Q,- IX. 50 
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s new variables a, B,..,y without 0, such that Vd=x«¢, « being a function of @ only; 
these functions @ of the variables a, B,.., y are in fact the Greenian Functions in 
question. The function of the order 0 is ¢=1; those of the order 1 are $=a, 
p=ß,.., p=y; those of the order 2 are p =aß, &c., and s functions each of the form 


4 {4æ+ BAE +... + Cy} +D. 


The existence of the functions just referred to other than the s functions involving 
the squares of the variables is obvious enough; the diffculty first arises in regard to 
these s functions; and the actual development of them appears to me important by 
reason of the light which is thereby thrown upon the general theory. This I accom- 
plish in the present Annex; and I determine by Green’s process the corresponding 
prepotential integrals. I do not go into the question of the Greenian Functions of 
orders superior to the second. 


114. I write for greater clearness (a, b,.., c, e) instead of (a,..,¢, e) to denote the 
series of (s+1) variables; viz. (a, b,.., c) will denote a series of s variables; corre- 
sponding to these we have the semiaxes (f, g,.., h), and the new variables (a, B,.., y); 
these last, with the before-mentioned function 0, are the s+1 new variables of the 
problem; and, for convenience, there is introduced also a quantity e€; viz. we have 


a=NFFO a 
b=vVg9 +0 B, 
c=vk +0 Y, 
e=V0 e, 


where 1=œ@ + E+.. HPE. 


That is, we have 0 a function of a, b,.., c, e, determined by 
qa? b c e 

P40 P40 i wag we, we 

and then a, B,..,y are given as functions of the same quantities a, b,..,¢, e by the 


equations ý 
a? Cc 
= Ae Paap TT 


also e, considered as a function of the same quantities, is 


ei nf Hei AN Rs RIOR oP 
= P40 PO HO" 
115. Introducing instead of a, b,..,c, e the new variables a, 8,..,y, 0, the trans- 
formed differential equation is 


Mee a 


h2 
det a 


40 (s+29+2- g- ppg) + VV =0 
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where for shortness 


1 a ai he eV 
Vaart pro- -peg ee TE 
1 f BV 
taro pet Beet tt Ge 
1 E x bv 
t AT" gro” -y +1} dy 

29 av 


SE RP is bia er 
irgo] 4-2-0 (agt: tara) ® da 


Also 


dV bk hy? ) 1 dV 1 dV dV 
 dntig gd = Se A SOE 
$ aH e29+2 f 1 fi TEN A > ot (7 2-— 5): 


Fee Oo ae t+: taro! dy AAI 
116. To integrate the equation for V, we assume 
V=0¢, 
where ® is a function of @ only, and ¢ a function of a, B,.., (without @), such that 
Vb = Kd, 
« being a function of 6 only. Assuming that this is possible, the remaining equation 
to be satisfied is obviously 


@O d® 
40 ao: + 2 ag fag+ 2+0 (mgt tape) }+ 0-0. 


Solutions of the form in question are 


ġ=1 , «=0, 

bo 8 8 

ġ=a , -ara 2q — 2 — +8 eae 

o=B68, e >= » » 

j — 20 1 

=a4ß, k= zr z a t+ wt 2g - 2 _9 8 

RAE fi +0.9¢+0 Poet E a ea E 
+ |- 29-2 t Se 
+0 f? +0 e+ 6)’ 

50—2 
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and it can be shown next that there is a solution of the form 
p =4(4æ + BR?+...+ Oy) +D. 
117. In fact, assuming that this satisfies V@—«p=0, we must have identically 


a ae 
gfe pa pt weet t | 


Pe F 
ie e P= wat} 
+x {h}(Ad+ BE +... + Oy’) + D } 


so that, from the term in a, we have 


ae g? he p. Cf? et 
re thee Bo e atte T pee TT AT E 


or, what is the same thing, 


0 0 Jfa Cf? 
A f-29 -3-5 gt tggi + Ot AET tie oa hr he = (0, 
with the like equations from §%,..,y%; and from the constant term we have 
1 
A ayot Bayot + Opyo PO. 
118. Multiplying this last by f°, and adding it to the first, we obtain 
0 0 0 Re SSA 


viz. putting for shortness Q = 0 ( rr + 79 pes ETA , this is 


A {2 +2+9Q +4 (f+ A+? D=0; 


and similarly 
B {29 +2 +Q +4 (g +0) + «g D=0, 


C {2g +240 + be (hè + 0} +k D=0. 
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To these we join the foregoing equation 


A B C 
= + tee F DEO. 
Fi+Otg+O a 
Eliminating A, B,..,C, D, we have an equation which determines « as a function of 9; 
and the equations then determine the ratios of A, B,..,0, D, so that these quantities 


will be given as determinate multiples of an arbitrary quantity M. The equation 


for « is in fact 
2 2 


SASSO PARETE i gl eats he 0, 
+++ he +O) +0) a+ 2+ hn G+) 
h2 
+ +0) (2q + 2+0 4 hr (h+ O) 
and the values of A, B,..,C, D are then 
| SpoR Mg’ TEE AE oe 
+++ FO 424A +y AAAH e — «’ 


+1=0; 


values which seem to be dependent on 0: if they were so, it would be fatal to 
the success of the process; but they are really independent of 0. 


119. That they are independent of @ depends on the theorems; that we have 


B+ 2—$ey 0’ 
where « is a quantity independent of 0 determined by the equation 
A itt Spee mn | 
Qq+2+hmf? | Weetgmg O rar genes ram 


(x, is in fact the value of « on writing @=0): and that, omitting the arbitrary 
multiplier, the values of A, B,..,0, D then are 
Ow eT Lae oe, AN h 1 
Wq+2+huf?? Wet g qHH E ~ x,’ 
or, what is the same thing, the value of ¢ is 
are ge a i 
2Wqt+2+4huf? Wt+2+4K" Z4g+2+dnh? x," 
120. To explain the ground of the assumption 
p= PIF 2 +O) ko 
p? 2q + pA TE $0 g 
observe that, assuming 


2qt+2+A+hu(f? +9) _29+2+ 043K (8+0) 
2q+2+4n/f? 2¢+2+4K 9 > 
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then multiplying out and reducing, we obtain 
hee (2q + 2+) (P-S) + (2q + 2) pelf- g) + perl- $2) 0 =0; 
viz. the equation divides out by the factor g?°— f°, thereby becoming 
Ky (2g + 24+ 2) —(2¢ + 2) a + $ xr0 = 0, 


that is, it gives for x the foregoing value: hence clearly, « having this value, we 
obtain by symmetry 


2q+2+04+ he (f27+ 9), 20 +2+9 +49 +0), .., 29 +2+09 +4 (+ 4), 
proportional to 

2g+24+4%f?, 2g+2+4m9',..; 2g+24+4Kh'; 
viz. the ratios, not only of A : B, but of A: B:...: C will be independent of @. 


121. To complete the transformation, starting with the foregoing value of «, we 
have 
2g+2+4K,f? 


2g +24+044«(f?4+ 0) =(2¢+240) q+ E 


&e. ; 


so that we have 
A {2¢+2+44,f7} + « f?D =0, 


Bi{2q4+2+4ng7}+mgD =0, 


O {2q +2 + deh} + eh? D =0, 


A ee C _(4+2+96D_ 
FAE E er E E A E EE T. 


Substituting for A, B,.., C their values, this last becomes 


Re. A 2q + 2 hd E D E TS 
2q +2 +0 Er ao j 


2q +2- 40 (2q+2+4ueh? kto 


D 


KD ai: 
— 99 F 3 guð 2It 2+} =; 


viz. this is 


Qq +2 0 Qq-+2 o 
tE Le E a OsD; 
PRETE: prot ES ERC. ad. rerai 


or, substituting for Q its value, and dividing out by 2q + 2; we have 


. 


1 1 l 


NO el E 
grira arar a EEn 


the equation for the determination of «o. 
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122. The equation for « is of the order s; there are consequently s functions of 
the form in question, and each of the terms a’, 6%,.., y can be expressed as a linear 
function of these. It thus appears that any quadric function of a, B,.., y can be 
expressed as a sum of Greenian functions; viz. the form is 


A J 
+ Bat &e. 
+ CaB + &e. 


df a” Pe phir? 1 
ati (az 24 bmfi WQ+I@+-dmg Wr 2+ haw z) 


+ D'( ” » ” ) 
(s lines), 


viz. tho terms multiplied by D’, D”, &c. Panyu are those answering to the roots 
Ky, Ko ,.. Of the equation in x. 


The general conclusion is that any rational and integral function of a, @,.., y can 
be expressed as a sum of Greenian functions. 


123. We have next to integrate the equation 


is) d® 0 0 0 
ateg ttot arot +ga)“ =0. 
Suppose x =0, a particular solution is @=1. Next, suppose 
1 0 ON ; “Se Vf? +0 ’ 
k = FiF ca 2q — 2 — F + "EN. as OP a xe) a particular solution is VPtg+.. +h : 
in fact, omitting the constant denominator, or writing ® =Vf?+ 6, and therefore 
dO _ 1 dO 1 


dO ZJO dO afta’ 


the equation to be verified is 


0 1 0 0 gE- 
Te apr PFT ted 


1 0 0 -aus 
‘mat 2g — -F02 proT which is right. 
Again, suppose «= prp oyot &c. (value belonging to ¢=af, see No. 116); a 
particular solution is paN ea a in fact, omitting the constant factor, or writing 


=Vf2+0 Vg + 8, 
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400 
and therefore MED FRC 
d@ _ +0 Nf?+A 
dé Deca 
a ea 2 KLEL 
de (f2+0)t Nf+ONP+O (9+ OE)’ 


G+ Ot NONO (y+ 0) 


Vg? +0 J 6 0 0 
( j 5) t2 tarat e+e +a of 


l VET] 2 HED 


Vf2+0 Voit 
— a — 26 1 6 o 
E EON agpo tpro C 8- gee ae) 
1 J p 
+ et N-t- npon enpe: 
or putting for shortnes i PAA adeh e + E peha this i 
p ng ness “Fro gt 0 eee e+ 0’ 1s 1S 
_ ONG +8 20 _ONf?+0 (ead eas 2) (24 +2 +0) 
 (f°+0} VF Ovg+O (gt OF VET 
20 Ve +0 A VEET) p 
Faget ieee ae ry ae )+ Fea q- aT T 2) =0, 


which is true. And, generally, the particular solution is deduced from the value 


of ¢ by writing therein 
Vf? +0 Vg? +0 N+ | 
NFEE. +h? Mpt VPrge+. th 
, y respectively: say the value thus obtained is @=H, where H is 


in place of a, ~,.. 
what ¢ becomes by the above substitution. 


124. Represent for a moment the ES in © by 


19% pi .@- 0, 


10 et 210 


and assume that this is satisfied by © = H | zd0. Then we have 


40 (SH fe pees ale +HZ) 


de? dð 
dH 

+2P (GG gaps Hz) 

+ «H | 2d sÜ, 
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and therefore 


dH \ dz 
(80 g + 2PH) 2+ 40H T= 0; 


viz. multiplying by E, this is 


4, (H*2) + yp PH* 2 =0, 


or 
l d 


Ha do 4) +96 P= 03 


viz. substituting for P its value, this is 


irg 0 9 6 
Hzd 39 (H'8) + la+ +a we aED +543)" 


Hence, integrating, 
B= Pa a Se C an arbitrary constant 
Vfi+0.g +0... +0 i i 
0-1 da 
BTE 


where the constants of integration are C, X; or, what is the same thing, taking T 
the same function of ¢ that H is of 0 (viz. T is what @ becomes on writing therein 


and 


© =CH | x arbitrary, 


Vf2+t Ve+t Nh +t 
VPit gt... Fh VP tgt+ i. Fh? VF eget ER 


in place of a, B,..,y respectively), then 


{2-4 dt 
®=-CH ————— 
oP NP +t. 9 +t... +t 


where x may be taken = 0: we thus have 


m dt 
V=0¢=-—CH a, 
a |, TNF +t. +t.. htt 
Recollecting that 
RAN. b Penn e 
ESTETIS Ha ot oe 


so that for 0=% we have œ +b+...+@+e=0, the assumption y=% comes to 
making V vanish for infinite values of (a, b,..,¢, e). 


125. We have to find the value of p corresponding to the foregoing value of V; 
viz. W being the value of V, on writing therein (æ, y,..,z) in place of (a, b,..,c), 
then (theorem A) 
i. _TG@s+q (er n) 
P= 2THT qt) de 
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Take X the same function of (æ, y,..,2, e) that 0 is of (a, b,..,c, e): viz. take A 
the positive root of 


æ? Vi 2 + A 
pr fen” ene pen 
and let (ÉE, ,.., T) correspond to (a, ,.., y, €), viz. 
IPER IT IPAn T REED FERTA n n 
so that W is the same function of (E, 7,.., A) that V is of (a, 8,.., 0): say this is 
reid 
=— 0A r; 
isa an [P?Vf+t.gtt...d+t 
then we have for p the value 
PQetQ)* 5 cuir fe te Te 
P=oThyT@t)” (es is aie A 
1 aw E oa eA 
aE aaa SSS ax)’ 


where e is to be put =0. 


2 2 2 
126. Suppose e is =0; then, aR A is not =0 but is the 


a? y’ =/1- uF 2y ik es 
positive root of at re i taal: T, = -TRS a wha na? 8 = 9: 
and we have p=0, viz. p is =0 for all points outside the ellipsoid aver... +55 fi: 
But it 5+ +. FESI then, on writing e= 0, we have »=0, r=, 
T (4s+4q) aaar 1 dW 1,dW dW 
Peai (q+l) A Sae fate aaa ae a), 
_ TPas+9 1 dW. 3 dW 1,dW dW 
“SFTGaD (Ft Eta tatal A) 
where the term in ( ) is 
ES ai 
=~ Chet tE "Aes 
fi Yo 1 
re ASSE NaH 


Hence 


~ TEOSI 
P= In (q +1) Afg -h 


—I'(4s+q) 20, oy ai) 
~ mT (q+ 1) Af. ee (i ae 
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where 4w, A, are what w, A become on writing therein X%=0. It will be remembered 
that A is what H becomes on changing therein @ into à; hence A, is what H 
becomes on writing therein @=0. 


Moreover Ww is what ¢@ becomes on changing therein a, B,..,y into & n,.., Ẹ: 


writing ~=0, we have Ema. n= gt ae. hence y is what p becomes on changing 
z 


therein a, 8,.., y into . oF And it is proper in ¢ to restore the original variables 


= 
r 
b 


iti a ee 
by writing ne ae rd V+ Dn 


in place of a, B,..,¥ 


127. Recapitulating, 


y= | pdx... dz 
J [(a-—ayPt+... + (0— zy t+ ejt +? 
where, since for the value of V about to be mentioned p vanishes for points outside 


the ellipsoid, the integral is to be taken over the ellipsoid 


Rte th =1; 


f 
and then, transferring a constant factor, if 
r45 T (g+1) : t dt 
V — (ay +1) A eee h . H Í ————— 
I'(3s+q) iis teas dP T?V(t+f*)... (+h) 


the corresponding value of p is 


ENa 
sich even ob 
where A, is what H becomes on writing therein 9=0, and yw, is what Ww becomes 
on writing 
æ 


A 
f HANA 
128. Thus, putting for shortness Q =t-? {(t+f°)... (t+ h), we have in the three 


in place of a,.., y. 


several cases ¢=1, r FT $= TET respectively, 
Hw, pe (pem). Ee EONA Qdt, 


51—2 
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For the case last considered 


fa’ hic? 
Se e, o 
$ Wg t2+4umf? 9 ++ Ky’ 
abr: 2) to eS it 
Gt Qt duofe l ++i — Ky’ 
$a $2 1 


ETET TT tog + 2+ hue eh 


os i ahi 1 
Ae" S048 tiny? 7 + aa see 


where «, is the root of the equation 
1 1 
arte. Ere, ee + eee + ERTE Ee 
2g+2+4mf? 2q +2 + dh 


- ET _#! _(3yTd+ 9) i 2 4+—q—1 2 21h dt. 
p=(1 aoe a) Yo V= PS (F hA Hef Tr ((t-+f2)..(t+h)} 


T same function with ¢ for 9 


a 


+1=0, 


ANNEX VI. Examples of Theorem C. Art. Nos. 129 to 132. 
129. First example: relating to the (s+ 1)-coordinal sphere æ+... +24 w= f’. 


Assume 


mi M 
~ (A+... ++ e%)herD ’ 


these values each satisfy the potential equation. 


y” = 75 A (a constant) ; 


V’ is not infinite for any point outside the surface, and for indefinitely large 
distances it is of the proper form. 


V” is not infinite for any point inside the surface; and at the surface V’ = V”. 


The conditions of the theorem are therefore saticfied. Writing 


Vm acre gf te 
{((a—aP+...4+(c- 2} +(e — wp’ 
we have 
NEE SLE idek LLA 
aarp (ae * ae)» 
where $ , 
TEN a. M i dw” 
w= @t.0+24+ 0) W TH ica hence da” = 0, 
aw’ _ vd zd wd M 


6-1364 ee +P HWM 
wij (a? +... +24 WH : 
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which at the surface is 
Fu) M 
AET 


p= arias = Perea (viz. p is constant). 


+ 
130. Writing for convenience. M Pa) A Ay Òf (Sf a constant which may be put 


Hence 


I (4s +1) 
=1), also @+...4+0+@=4«, we have p= òf, and consequently 
jad Ae Sale al 
(a= f+ ... +(e — 2} + (e — wy} 4 


2 (TA) fs T 5 ° 
Sacred “ea for exterior point « >f, 


_ 2g ia, 1 
LEEF. fe 


By making a,..,¢, e all indefinitely large, we find 


_2(Dp fra 
[yas =- Rap 


viz. the expression on the right-hand side is here the mass of the shell thickness ôf. 


for interior point «< f. 


Taking s=3, we have the ordinary formule for the Potential of a uniform spherical 
shell. 


131. Suppose s= 3, but let the surface be the infinite cylinder æ? +y?=/f% Take 
here 


V’=MiogVae+bh, V”=M logf, 


each satisfying the potential equation a ae 0; but V’, instead of vanishing, is 
infinite at infinity, and the conditions of the theorem are not satisfied; the Potential 
of the cylinder is in fact infinite. But the failure is a mere consequence of the special 
value of s, viz. this is such that s—2, instead of being positive, is =0. Reverting 
to the general case of (s+1)-dimensional space, let the surface be the infinite cylinder 
æ+... +22=f’; and assume 


' M 
CITT GE y" = = (a constant). 


These satisfy the potential equation; viz. as regards V’, we have 


ad? TAAT, 4; ! d? d? e 
at. dat +55) V'= 0, that is, (77+. +55) V =o. 
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V’ is not infinite at any point outside the cylinder; and it vanishes at infinity, 
except indeed when only the coordinate e is infinite, and its form at infinity is not 


=M + (@ +... + e+e, 


V” is not infinite for any point within the cylinder; and at the surface we have 
Via Vv", 


We have 
Me (4s — 4) (Sr oer) 
ine (Thy de” })’ 
where 
dw’ —(s- ala +2) M —(s-—2)M ` dw” 
he ame #4 Ae! = ar - at the surface ; e Te a 0, 


and therefore 
_(s-2) 0 s-4)M 
4 (Th) fer 
4 (14) fe of 


or, what is the same thing, writing M = as 


(s—2)T4(s—1)’ 


: (viz. p is constant) ; 


whence p= ôf, and writing also 
.+C=x, we have 2 


| ogee ail Te ae head 
(a-f +... +(e —zP+(e- wyi- 


ampa fey 1 

~ (8=2) gs- 4) e 
È 8-1 

= SOs F for an interior point «< f. 

132. This is right; but we can without difficulty bring it to coincide with the 
result obtained for the (s+1)-dimensional sphere with only s—1 in place of s; we may 
in fact, by a single integration, pass from the cylinder 2°+...4+2°=/* to the s-dimen- 
sional sphere or circle æ? +... +2°= f°, which is the base of this cylinder. Writing first 
dS = d= dw, where dX refers to the s variables (#,..,z) and the sphere æ? +... +2°=f°; 
or using now dS in this sense, then in place of the original dS we have dS dw: and 
the limits of w being œ, — æ, then in place of e—w we may write simply w. This 
being so, and putting for shortness (a — s} + ... + (c — 2} = A’, the integral is 


_8fdSdw 
fz aw [ Woe ck 


for an exterior point «>f, 


and we have without difficulty 
a dw 1 $$ (s—2) 


o 4? +w Am TE (6—1) 
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To prove it, write w= A tan 0, then the integral is in the first place converted into 


2 eas 
2 | cos** 8 dO, which, putting cos @= Va and therefore sin 0 =V1 — w, becomes 
0 


1 
= At 


which has the value in question. 


1 
ar (1 ae xy (s—2)—1 da, 
0 


Hence, replacing A by its value, we have 


r4 r4 (s—2) òf aS _ dar T HSS 1 1 
Ti(s—1) J (@-2F+... +(e-  (s—2) TH(s—1) iC +... Foes OF femal? 
that is, 
i ee ee es nw pet 
{(a—aP+...+¢(c—zP}e (s—2) TE (s—2) lea +... + pee Bs oe 


ig | 1 $ a 
wit 2 f> , 


T RE (a?+...+ EPE- s 


viz. this is the formula for the sphere with s— 1 instead of s. 


Annex VII. Esample of Theorem D. Art. Nos. 133 and 134. 


133. The example relates to the (s+ 1)-dimensional sphere æ+... +2 +w =f’. 
Instead of at once assuming for V a form satisfying the proper conditions as to 
continuity, we assume a form with indeterminate coefficients, and make it satisfy the 
conditions in question. Write 


M, SE N 
~@+.. 48+ ea 


=A(a?+...¢0+e)+B for @+...4+0¢+0<f% 


V for @@+..+0+€>/°; 


In order that the two values may be equal at the surface, we must have 


M 
a ta I 
; i na Oe 
in order that the derived functions aie &c. may be equal, we must have 
ele ed 
oa = 2Aa, &e., 
viz, these are all satisfied if only aoa =24, 
We have thus the values of A and B; or the exterior potential being as above 
M 


(C+. FOF EPH 
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the value of the interior potential must be 


ax. a ye Frere 
= pi fttp- a-p St l. 


The corresponding values of W are of course 


err ii J \@e+#)-Ge-p A 
and we thence find 
p if @+..¢2+u?>f?, 
-IHD agep 8+) sa supa, 
if @+..¢2+w<f* 
Assuming for M the value reap ‘4 the last value becomes p=1; writing for 


shortness @? +... +e + e=, we have 


V= | Can Eee TEC a over (s + 1)-dimensional sphere a +..4¢2 +4" =f?, 
j + 8+ 
= raD ns , for an exterior point «x >f, 


8+1 
= res y (4s + 4) f? — (4s — 4) x}, for an interior point «< f. 

134. The case of the ellipsoid a 
worked out by the theorem; this is, in fact, what is done in tridimensional space 
by Lejeune-Dirichlet in his Memoir of 1846 above referred to (p. 321). 


2 
+... + ii =1 for s+1-dimensional space may be 


ANNEX VIII. Prepotentials of the Homaloids. Art. Nos. 135 to 137. 


135. We have in tridimensional space the series of figures—the plane, the line, 
the point; and there is in like manner in (s+1)-dimensional space a corresponding 
series of (s+1) terms; the (s+1)-coordinal plane—the line, the point: say these 
are the homaloids or homaloidal figures. And, taking the density as uniform, or, 
what is the same thing, =1, we may consider the prepotentials of these several 
figures in regard to an attracted point, which, for greater simplicity, is taken not to 
be on the figure. 


136. The integral may be written 
ft enemies TN ae R 
at {((a—aP+...+(c—2zP+(d—wy t+... +(e— t+ ujt? 


which still relates to a (s+1)-dimensional space: the (s+1) coordinates of the 
attracted point are (a,..,c, d,..,e, u), instead of being (a,..,c¢, e); viz. we have the 


www.rcin.org.pl 


607 | A MEMOIR ON PREPOTENTIALS. 409 


s’ coordinates (a,..,c), the s—s’ coordinates (d,..,e), and the (s+1)th coordinate w: 
and the integration is extended over the (s—s’)-dimensional figure w=— to 
+0,..,t=—o0 to +o. And it is also assumed that g is positive. 


It is at once clear that we may reduce the integral to 


v=/ dw ... dt 
rq oe wet (C= 2P HUHU nn FEY’ 


say for shortness 
-. dt 


SEE a + woe FETE’ 
where A? =(a—a)+...+(c—z/+w, is a constant as regards the integration, and 
where the limits in regard to each of the s—s’ variables are — œ, + 0. 
We may for these variables write ré, ... rẹ, where ®+...4€°=1; and we then 


have w? +... + E=, dw...dt=r**—drdS, where dS is the element of surface of 
the (s —s’)-coordinal unit-sphere &+...4+¢=1. We thus obtain 


‘dr 
v=/ Bar| © 


where the integral in regard to r is taken from 0 to », and the integral | dS 
over the surface of the unit-sphere; hence by Annex J. the value of this last factor 


is = ey: The integral represented by the first factor will be finite, provided 


only s +q be positive; which is the case for any value whatever of s, if only q 
be positive. 

The first factor is an integral such as is considered in Annex II.; to find its 
value we have only to write r=A*Va, and we thus find it to be 


gore R ik ahs dæ pages 413 (s—s') TGs +g) 
(A2)i8+4 0 (1 + wyrs+a : ‘Ae +eq P (48 + q) 3 


and we thus have 
y- 1 THT +g) 


ARS ithe tg), — 
-TH TGs +g) 1 
Tr (4s +q) (a= sf +... +(e zy + ujta 
137. As a verification, observe that the prepotential equation O V = 0, that is, 


d ae æ o @ %41 a 
(Jat: hee Ma ae ee T a= 0, 


for a function V, which contains only the s’+1 variables (a,..,¢, w), becomes 


d? d @ %¢+l1d 
(gat + 3a ant u a) "= 0, 


which is satisfied by V, a constant maltple of (a= s} +... +(e — 2} + wji- 
O.- TX, 52 
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ANNEX IX. The Gauss-Jacosi Theory of Epispheric Integrals. Art. No. 138. 


138. The formula obtained (Annex IV. No. 110) is proved only for positive values 


of m; but writing therein g=0, m=—4, it becomes 
; dx... dz 
we ipa 
7 -A- cu -i {(a—aP+...+(c—2z) + e} 
_ (Td) H z% Ds c ae 4 2\1-4 
Teeth] dtc (1 AT -rp e) (t-+f2)... (t+, 
a formula which is obtainable as a particular case of the more general formula 


i ds _2(T Hy °” at 1 
(a..z, wy} Ts) V—Disct. |(*X X, .. , Z, W, TF +t (X? +...+ 22+ W+ TSP 


(notation to be presently explained), being a result obtained by Jacobi by a process 
which is in fact the extension to any number of variables of that used by Gauss* 
in his Memoir “Determinatio attractionis quam..... exerceret planeta, &c.” (1818). 
I proceed to develop this theory. 


139. Jacobi’s process has reference to a class of s-tuple integrals (including some 
of those here previously considered) which may be termed “epispheric”: viz. considering 
the (s+1) variables (#,..,2z, w) connected by the equation #+...+27+w*=1, or say 
they are the coordinates of a point on a (s+1)-tuple unit-sphere, then the form is 


f UdS, where dS is the element of the surface of the unit-sphere, and U is any function 


of the s+1 coordinates; the integral is taken to be of the form fi my AGE, Friet 
{(#Qa,..,%, w, 1) }8 


and we then obtain the general result above referred to. 


Before going further it is convenient to remark that, taking as independent variables 
daz... ds 
dw 
we must in obtaining the integral take account of the two values of w, and finally 

extend the integral to the values of #,.., z which satisfy 2?+...+2<1. 


the s coordinates a,..,2z, we have dS= , where w stands for + Vl- æ -—...— 2; 


If, as is ultimately done, in place of a,..,2 we write Fon respectively, then 


the value of dS is = ye, de -oils where w now stands for lafin l=- x 


Pk Y ia A 


we must, in finding the value of the integral, take account of the two values of w, 


and finally extend the integral to the values of #,..,2 which satisfy ate. +5 < i. 


* [Ges. Werke, t. iii, pp. 331—355.] 
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140. The determination of the integral depends upon formule for the transforma- 
tion of the spherical element dS, and of the quadric function (a, y,.., z, w, 1). 


First, as regards the spherical element dS; let the s+1 variables æ, y,.., 2, w 
which satisfy æ? +y? +... +2+w°=1 be regarded as functions of the s independent 
variables 0, $,.., y; then we have 


dm) Tal yg hal eda cay, Oe ) a h., A for shortness. 


az = 
0(8, ,.., Y, *) 

dx dy dz dw + 

dé’ dô’? dé’ dð 

de dy d dw 

de’ de’? dd’ dọ 


de dy d dw 
dy? dy dy? dy 
Suppose we effect on the s+1 variables (a, y,.., z, w) a transformation 


CTA EEA 
E ORT 
thus introducing for the moment s+2 variables X, Y,.., Z, W, T, which satisfy 
identically X?+ Y°+ ...+Z°+ W*—7*=0; then, considering these as functions of the 
foregoing s independent variables 0, ¢,.., Y, we have 
1 Levit, J, «i, a Wo) 
x S Sere =A a oa 
Ter raoa enr 2H. SW | ddd... dy TH OO, p. h, *) 
aX aY dz aW 
a0) de? >"? a6... ae | 
aX dY dz aW 
dp’ AD aE dd 


@, Y,..,% w= 


dS = 


dO do ... dy. 


aX dY dZ aw 
dy ? day ri | dw’ day 
141. Considering next the s+2 variables X, Y,.., Z, W, T as linear functions 


(with constant terms) of the s+1 new variables £, 7,.., & œ, or say as linear functions 
of the s+2 quantities `E, ,.., , œ, 1: which implies between them a linear relation 


aX+bY+...+c4+dW+eT=1: 
and assuming that we have identically 
XP+.. AEW- TSE. HEH 0-1, 


so that, in consequence of the left-hand side being =0, the right-hand side is also 
=0; viz. £, n,.., @ are connected by 


EtPo + P+ e*=1: 
52—2 
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let d% represent the spherical element belonging to the coordinates £, 7,..,0 œ. 
Considering these as functions of the foregoing s independent variables 0, ¢,.., % 
we have 


dhe py ase, €, © |d0dp..dpo QE & ®) aoag ay, 


? 


0 0, EROF, , * 
dg dy di. ae (0, $,.., Y, *) 
do > e da Ea 8 cam 
dë dy dg do 


dd’ ag?” dg’ do 


dé dn df dw 
ayy? dy’? ayy’ dy 
142. In this expression we have &, 7,.., § œ, each of them a linear function of 
the s+2 quantities X, Y,.., Z, W, T; the determinant is consequently a linear function 


of s+2 like determinants obtained by substituting for the variables any s+1 out of 
the s+2 variables X, Y,.., Z, W, T; but in virtue of the equation 


X+ Y?+...4 47+ W?-— 7? =0, 


these s+2 determinants are proportional to the quantities X, Y,.., Z, W, T respectively, 
and the determinant thus assumes the form 


aX +bY¥+...4+¢72+dW+el 


T 4, 


where A is the like determinant with (X, Y,.., Z, W), and where the coefficients 
a,b,.., c, d, e are precisely those of the linear relation aX +bY+...4+cZ+dW+el=1; 


the last-mentioned expression is thus = 7,A, or, substituting for A its value, we have 


T 
810%, Yon Z W) | 
Oey ot aot T 


viz. comparing with the foregoing expression for dS we have 
1 
dS = T dx, 
which is the requisite formula for the transformation of dS. 


143. Consider the integral f 


ie E 
{(*Qa, y,.., 2, w, 1)?}8’ 


which, from its containing a single quadric function, may be called “one-quadric.” 
Then effecting the foregoing transformation, 
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and observing that 
(#a, Y.. 2, W, 1}= 75 (LX, EEM EW, TY, 
the integral becomes 
ge ll dz 
od (GX, Y,..,2Z, W, Tye’ 


where X, Y,.., Z, W, T denote given linear functions (with constant coefficients) of the 
s+1 variables &, 7,.., § œ, or, what is the same thing, given linear functions of the 
s+2 quantities £, 7,.., & œ, 1, such that identically 


X++ Y+.. AZA W- Pa +77 4+...4+-0+4+0?- 1. 
We have then &+ 7?+...+€?+?—1=0, and d= as the corresponding spherical element. 


144. We may have X, Y,.., Z, W, T such linear functions of E, 7,.., & œ, 1 that 
not only 
X+ Y?+..04+ 774+ W-Pa=P ++ ...4+04+ 07-1 


as above, but also 
(« Q(X, Y,.., Z, W, T= 4AE + Br? +...+02+ Ho? -L; 
this being so, the integral becomes 


dž, 
| AFFF ORTES I 


where the s+ 2 coefficients A, B,.., C, E, L are given by means of the identity 
—(0+A)(0+B)...(0+ 0) (0+ £) (0+ D) 
= Disct. {((*#{X, Y,.., Z, W, TP+0 (X:+ V2+...4 Z+ W- T); 


viz. equating the discriminant to zero, we have an equation in 0, the roots whereof 
are — A, —B,.., — 0, — E, -L. 


The integral is 


d= 
Mie —L)&+(B-L) 7 +...4+(6-L) C+ (LL) oj 
which is of the form 
Í d> 
{a&* + bn? + ... +067 + ewh? 
where I provisionally assume that a, b,.., c, e are all positive. 


145. To transform this, in place of the s+1 variables £, 7,.., €, œ connected by 
H+? +...+0%+@?=1, we introduce the s+1 variables a, y,.., 2, w, such that 


LORE t AET E EAE @ NE 


æ= -— : 
P P P P 
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where 
p? = a& + br? +... +082 + ew’, 
and consequently 
O+Y+...4¢2+w'=1, 


Hence, writing dS to denote the spherical element corresponding to the point (a, y,.., 2, w), 
we have, by a former formula, 

1 o (Eva, nNb,.. ’ eNe, w Ve) 

pet a ton dé do she dy 


_ (ab... ce)! 


ir 
p 


dS = — 
dz; 


or, what is the same thing, 
1 


d= 
{aE + by? +... +08? ewp ~ ab.. ie or 


Hence, integrating each side, and observing that ll dS, taken over the whole spherical 
surface æ +Y +. Lepus 1, is = 2 (T4) +T (48+ 4), we have 


d> 2 20h" yet i 
{al + bp +... Fol? + ewe) T T (hs + $) ad... cept 


146. For a, b,.., c, e write herein a+ 0, b+0,..,c+0,e+0 respectively, and 
multiply each side by 6%, where q is any positive integer or fractional number 
less than 4s: integrate from 0=0 to @=0. On the left-hand side, attending to the 
relation &+ 7?+...+€+?=1, the integral in regard to @ is 


~ | tp 


where p°, =0Ẹ + bn? +... + c +ew, is independent of @ as before; the value of the 
definite integral is 


l{¢(s+1)—g}Tq) 1 
Thi DE (s +1) pera : 


which, replacing p by its value and multiplying by d=, and prefixing the integral sign, 
gives the left-hand side; hence, forming the equation and dividing by a numerical 
factor, we have 7 


d> 2 (TAH % 
GET I Peel |, dt. t {(t +a)... (t+ c) (t+ e) 


In particular, if g=—4, then 


dX 2 (r47 


CERET ET The [unieran 40) (¢+0)}> 
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or, if for a,.., c, e we restore the values A — L,.., C—L, E — L, then 


d> _2(T hy f°” i 
laer rieri pa Í, dt.t>{(t+ A — L)... (t+0-— L) (t+ E- L>, 


an ao “di {(t+A)...(6+C)(¢+H)(t+D)}°; 


viz. we thus have 


lee ae DF w, reo pee | @ {((t+ A)... (¢+ C)(¢+ £) (t+ LD)}-3, 


where (¢+A)...(¢+C)(¢+#)(¢+JZ) is in fact a given rational and integral function 
of t; viz. it is 
= — Disct. {(* Y X,.., Z, W, TP+t (X? +... +2? + W?-7")}. 


147. Consider, in particular, the integral 


dS 
J (a—fay +... +(e— haft (e— hwy + eE’ 
here 


(#¥X,.., Z, W, TP+t(X?4+...47°+ W- T’) 
= (aT —fXP+...4 (eT hZ} + (eT -kW + PT? + t(X?+...4+ 22+ W2- 7) 
=(P) +... +(e t) 74+ (2 4+t) Wl. Heee t) T 
— 2af XT —...—2chZT — 2ek WT ; 


viz. the discriminant taken negatively is 

CEPR gas saa 
stth, — oh 

be Eoi -(@+...40+@+2)+t 


which is l 
— 2 2 pae Sdi T S pe + it el eh eke 
=(¢4f%) E+) C+) (t-a. ee B+ pt ation) 
. E a? Cc ae [2 
= {66+ F 2). 6+ PY E+E) E A a e 


=(¢+A)...(¢+ 0) (t+ £) (¢+D); 
and consequently —A,.., — 0, — E, — L are the roots of the equation 


1 a? c Es 
efi EB a 

148. The roots are all real; moreover there is one and only one positive root. 
Hence, taking — L to be the positive root, we have A,.., C, E, —Z all positive, and 
therefore à fortiori A — L,.., C—L, E— L all positive: which agrees with a foregoing 
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provisional assumption. Or, writing for greater convenience @ to denote the positive 
quantity — L, that is, taking @ to be the positive root of the equation 
Li Wi a ae 
O+f? | Otk 04+ 8 ”’ 
we have 


jp ES 
(a — fa)? +... + (c — hz) + (e — kw)? + L}! 


-2037 [a at 
= Iss if 3 : e 2 P ? 
t(t +2) .. (t+ 1) (t+) (1 - we m= 5) 
or, what is the same thing, we have 
daz... dz i 
Fa a +tw{|(a@a— s+.. EEEIEI 
_Tys a c? AE es i 
“gan: “a(i -aTe ee et ATE) EHS)... (t+ EHE, 
where on the left-hand side w now denotes a 1 -5-7 rm -5 and the limiting equation 
E we 2° 
1S PS ie a 
149. Suppose /=0: then, if 
a " 
ptetptp?b 
the equation 
a c? e 
aap US tae 


has a positive root differing from zero, which may be represented by the same letter 0; 


but if 


teow tz ras 


F B 
then the positive root of the original equation becomes =0; viz. as J gradually 
diminishes to zero, the positive root @ also diminishes and becomes ultimately zero. 


Hence, writing /=0, we have 


Í dS 


or, what is the same thing, 


f.h) twa- s+... +(e- 2Y + (eF kwyt? 
2 (T3) f” a c? a Wah; 2 2 E 
~ Ts I, a(t Ea ee {t(t +f?) ... (+h) HEN, 
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6 now denoting either the positive root of the equation 


RE be net, hag 
O+f2? “" O+h? O4+he ”’ 
or else 0, according as 
oy Cc 
Pt ww tRt El or <l. 


In the case + +5 


theorem (Crelle, t. Xi. p. 69, 1834); but Jacobi does not consider the general case 


where / is not =0, nor does he give explicitly the formula in the other case 


e 
=0, B+. fees Ttgl 


150. Suppose k=0, e being in the first instance not =0: then the former alter- 
native holds good; and observing, in regard to the form which contains +w in the 
denominator, that we can now take account of the two values by simply multiplying 
by 2, we have 


.. dz 
Ire (a — fu) + ey rr ~~ F., lar {(a— ye a PR +e’ 


K on the een side denoting wf 1-5-8, and the limiting equation being 
> wy a = 1), each 

eer ((1- Fa- ed ie (t+f2)... (t+ kA 
where @ is here the positive root of the equation 1 — ox ref ear — 5 =0, which 


is the formula referred to at the beginning of the present Annex. We may in the 
pedi aa e=0, thus obtaining the theorem under two different forms for the cases 


se +55 —>1 and <1 respectively. 


p 


ANNEX X. Methods of LEJEUNE-DIRICHLET and BooLE. Art. Nos. 151 to 162. 


151. The notion, that the density p is a discontinuous function vanishing for 
points outside the attracting mass, has been made use of in a different manner by 
Lejeune-Dirichlet (1839) and Boole (1857): viz. supposing that p has a given value 
f (%,.., 2) within a given closed surface S and is =0 outside the surface, these geometers 
in the expression of a potential or prepotential integral replace p by a definite integral 
which possesses the discontinuity in question, viz. it is =/f(æ,..,z) for points inside 


5 53 
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the surface and =0 for points outside the surface; and then in the potential or 
prepotential integral they extend the integration over the whole of infinite space, thus 
getting rid of the equation of the surface as a limiting equation for the multiple 
integral. 


152. Lejeune-Dirichlet’s paper “Sur une nouvelle méthode pour la détermination 
des intégrales multiples” is published in Comptes Rendus, t. vir. pp. 155—160 (1839), 
and Liouville, t. Iv. pp. 164—168 (same year). The process is applied to the form 


i d da dy dz 
p—1 da J ((a— sf + (b—yP+(e— z2} 2- 


taken over the ellipsoid an %55; but it would be equally applicable to the 


triple integral itself, or say to the s-tuple integral 


| dz... dz 
(a= +... +(¢ — 2) } Ba’ 
or, indeed, to 
dz... dz 
| {((a—a)+...+ (e—2z) + ejt 


taken over the ellipsoid ete += 1; but it may be as well to attend to the first 


f? 


form, as more resembling that contac by the author. 
* sin =f 
153. Since — cosAddd is =1 or 0, according as A is <1 or >f, 
follows that the Peat y is equal to the real part of the following expression, 


2 [° sing [ ‘(Ft-t dæ... dz 
AN ap ™ t fe Piit {(a—a) +... + (c - zyrt? 


where the integrations in regard to a,..,z2 are now to be extended from — œ to +o 
for each variable. A further transformation is necessary: since 


iL = erri Í doy. ay" eioh, o positive, and r positive and <1, 
0 


o” 


writing herein (a—#)?+...+(e—z) for o, and $s+q for r, we have 


1 1 
(a-st... + (0-2 Tgst+q) 


and the value is thus 


é (s+a) mi A dy. pista eit { (a—a)2+.. -+(c—2)%} 


2 


= —— -(stq) = 1 wef 4s+q-1 (itti $ —iy { (a ) 2b set (C—2)2 
nT Os +p" |, ae gr eee [e Pita)? giv liane ida... de, 
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where the integral in regard to the variables (#,.., 2) is 


motte | de’ RICE- a) teaver! [dee hives 3) ae aoe 


/ af pri 
= elim Pre e Sut : 


and the like for the other integrals up to the z-integral. The resulting value is thus 


and here the «-integral is 


aee f "É ag 5 dap . aplsta- a tlt +m) a A 


Ei ET, +D V(b +fY).. a + hp)’ 


which, putting therein y= $ , dyp=— x dt, is 


Irt- 8—1 T A. a it d E ; a 
oP RRS SN hye mi [at REEERE ET E anh" (JF it ot) sin gige dd. 


154. But we hare to consider only the real part of this expression; viz. writing 


for shortness o = we require the real part of 


c? 
F- ee ET 
ew han | j e'% pi~ sin $ dd. 


Writing here for sing its exponential value 5; (ei — e), and using the formula 


1 
a e- an E dd. pi e'% (c positive), 
and the like one | 
1 $ RR a j f 
Co) = Tq ei" R do. gr ere (o negative), 


(in which formule q must be positive and less than 1), we see that the real part in 
question is =0, or is : 
_Tgsn(g+1) 7 T 1 


20- ' SIO) AT 


according as o>1 or o <1. 


2 
` <1, and consequently also o<1, and 


2 
155. If the point is interior, Fat ont i 


the value, writing (T4) instead of 7, is 

TASE |: AN 4 —q-1 i š a? a an 

E UE) dt. t3 (+f)... ¢+094 (1- r aa r) 
53—2 
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But if the point be exterior, Fae +5 Ty and hence, writing @ for the positive 


c 
pgtet prot 
then t=0, o is greater than 1, and continues so as ¢ increases, until, for t=0, c 
becomes =1, and for larger values of t we have o <1; and the expression thus is 


MS lag A eee a S S 
=rqst praca st» , dt. 1-7 (+f)... (6+ W (I fist a) 


root of the equation, 7=1; viz. @ is the positive root of the equation 


viz. the two expressions, in the cases of an interior point and an exterior point 
respectively, give the value of the integral 


i À dæ ... dz 
{(a— a+... + (c — Ppt 
This is, in fact, the formula of Annex IV. No. 110, writing therein e=0 and m=-— q. 


156. Boole’s researches are contained in two memoirs dated 1846, “On the 
Analysis of Discontinuous Functions,” Trans. Royal Irish Academy, vol. XXI. (1848), 
pp. 124—139, and “On a certain Multiple Definite Integral” do. pp. 140—150 (the 
particular theorem about to be referred to is stated in the postscript of this memoir), 
and in the memoir “On the Comparison of Transcendents, with certain applications 
to the theory of Definite Integrals,” Phil. Trans. vol. cxLvu. (1857), pp. 745—803, 
the theorem being the third example, p. 794. The method is similar to, and was in 
fact suggested by, that of Lejeune-Dirichlet; the auxiliary theorem made use of in 
the memoir of 1857 for the representation of the discontinuity being 


PO) Til. TT BA dv ds cos {(a — æ — ts) v + him} visi— f (a), 


which is a deduction from Fourier’s theorem. 


Changing the notation (and in particular writing s and }s+q for his n and îi), 
the method is here applied to the determination of the s-tuple integral 


V= |ds... dz Hats +m) 


(a =s} +... + (0 — 2} + era’ 


“sig eden P 


a k 


where ¢ is an arbitrary function, taken over the ellipsoid 


157. The process is as follows: we have 


Ta = iy) | f dudva ytsta piste 
(a= x+... + (0-2 +e mI ($8t+q)lolo Jo J 


cos (war Bt {(a—a#)P + +(e- P +e) o+4Gst 07 pu; 
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= the a hand side is here equal to the left-hand side or is =0, according as 
at + a 1 or >l. V is consequently obtained by multiplying the right-hand side 
by dz... dz and integrating from — œ to + for each variable. 


Hence, changing the order of the integration, 


i 1 wo ao 
= ae 4 + 48+ —] 
PEDA Í, a du dv dr v+ r+ pu. Q, 


where 
2 
X= fæ.. . dz cos {(u- on i -ý +r|(a— 8+... + (c-2)}) o+4Gs+ qt. 
Now 
A tee RS Ta? 1+ her re 
pe s} = f? a re oe Bt (Cn saa C+ ae, 
if 
fra htc 
Pate TT ae ee A 
158. Doane and integrating with respect to &..,€ between the limits —o, 
+æ, we have 
h) wr 2r mn 
ee Ne i, {( CA NEIE >- TIR site) l; 
{a +f’r).. ad + h’r)} ys = u vr if + f°r ee ns | af. her v+dqnr 
or, what is the same thing, writing : in place of 7, this is 
Pee Th a oe }; 
A. ee S (e mp rpp g) ta ; 


that is, writing 
a c e 
Ca te, - = 
Preece! hiya te 


me feni A) -h) t- vf cos {(u— o) v + $qT} pu. 
r (4s+q) Ll i ya (t +f)... (t+ ht : 


we have 


or, writing mie = 2 (TY, this is 
CY FB [gre 1p” 
aS BTN TT dtt f)... ya Ki ) 
AA ta A(t +f’)... (t+ h) z f |, du dv. ot cos {(u o) v + 4qr} pu. 
159.. Boole writes 


=f [au dv vi cos {(u — o) v + dgr} pu = (- 1Y bo); 


viz. starting from Fourier’s theorem, 


Lf [aw dv cos (u — o) v . pu = ¢ (0), 
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where $(o) is regarded as vanishing except when o is between the limits 0, 1, 
and the limits of u are taken to be 1, 0 accordingly, then, according to an admissible 
theory of general differentiation, we have the result in question. He has in the 


formula 5 instead of my ¢; and he proceeds, “Here o increases continually with s. 


As s varies from 0 to ©, o also varies from 0 to «. To any positive limits of o 
will correspond positive limits of s; and these, as will hereafter appear—this refers to 
his note B—, will in certain cases replace the limits 0 and œ in the expression for V.” 


160. It seems better to deal with the result in the following manner, as in part 
shown p. 803 of Boole’s memoir, Writing the integral in the form 


Bors Ca] 
r- [ i dudt. t ((t+f2) ... (++ 4 (w) f du-d cos (u -ajet io. 
effect the integration in regard to v; viz. according as w is greater or less than ø, 
then 
T (q+1)sin(q+1 
fi dov 008 u- 0) 0+ dg) = DERE or 0, 
T 
eer) Cr nN 


and consequently, writing for o its value, 
Poy (fh) [Pf para 
pee a J, f, eu alem e+ 2). (t+ h) 
(u E AER ee 
P °° Rat Ft 
161. To further explain this, consider ¢ as an «z-coordinate and u as a y-coordinate ; 
then, tracing the curve 


HR gu! , or 0, as above. 


a c e 
Ye weet E ET a 


for positive values of æ this is a mere hyperbolic branch, as shown in the figure, 
viz. «=0, y=; and as æ continually increases to æ, y continually decreases to zero. 


t 


The limits are originally taken to be from w=0 to w=1 and t=0 to t=, viz. 
over the infinite strip bounded by the lines ¢0, O1, 11; but within these limits the 
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function under the integral sign is to be replaced by zero whenever the values w, t 

a C e 
ae Rae 
point in the shaded portion of the strip; the integral is therefore to be extended 
only over the unshaded portion of the strip; viz. the value is 


are such that w is less than viz. when the values belong to a 


= Niue. (e479...) a ----g2 N] 
“Tica T du dt. t {(t + f*)...(t + h’)} (v ma epa a pu, 
the double integral being taken over the unshaded portion of the a or, what is the 
c? e 

pit WETTER 
(say from w=oa) to w=1, and then the integral in regard to ¢ is to be taken from 
t=0 to t=, where, as before, @ is the positive root of the equation o=1, that 
is, of Ae +... + ei EY 
is, F e T a 

162. Write w=o+(1l—o)«, and therefore u— øo = (1 — øo)x, 1 —u = (l — ø) (1 -— s) 
and du=(l—ø)dæ; then the limits (1, 0) of æ correspond to the limits (1, ¢) of u, 
and the formula becomes 


same thing, the integral in regard to u is to be taken from w= — 


DELU AS eee.) A ee ’ epei aia ne 
Fa Fg- otal, dt tit +f’)... (t+ h’)} 41 —o)9 [deo $ le +(1 —o) a}, 


C e ea S 
Fri reniri This is, in fact, a 
form (deduced from Boole’s result in the memoir of 1846) given by me, Cambridge 
and Dublin Mathematical Journal, vol. 11. (1847), p. 219, [44]. 


If in particular ġu = (1-— u)+™, then ${o+(1—c) a} = (1 — ojm (1 — jim and 
thence 


where o is retained in place of its value +.. + 


f= -1 {ġo + (1 — o) a} de = (1 — o)” f PEET 


EEDE E) aie, 
ri: r(1 +m) h yn 


and then, restoring for o its value, we have 


(Cay PL +g +m) tie shi oe) bein ae 
V= ETG OG- f, dere (C+ F484 (1-3 4 E Prt) 


as the value of the integral 


Moe a ian e wee OS 
{ 


(a—aP+...+(¢ — z2} + et 


2 
_ taken over the ellipsoid A au This is, in fact, the theorem of Annex IV. 


No. 110 in its general form; but the proof assumes that q is positive. 
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